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PREFACE. 



I HAVE endeavoured, by putting the subject in a simple, 
concise, and systematic form, to give to this treatise the 
elementary character which is required in a^ book intended 
for beginners, and at the same time to make it suflGiciently 
comprehensive to meet the wants of a more advanced class 
of students. 

The diflSculties which hinder beginners I have found to 
be chiefly of two kinds. One of these arises from the want 
of sufficient knowledge of solid geometry ; the study of pro- 
jections, as a practical subject, being begun too commonly 
before the student has made himself acquainted with the 
geometrical principles on which the solutions of the prob- 
lems depend. To begin in that way is, I think, to make 
a mistake ; for, without a knowledge of first principles, it is 
impossible to get such a grasp of the subject as will make 
it the useful and effective instniment which it ought to be. 
I have, therefore, considered it best to devote the first 
chapter to some theorems on the straight line and plane, 
and to introduce occasional theorems in the other parts 
of the work; my object being to establish the principles 
before giving their applications. 

The other difficulty to which I have alluded lies in the 
• inability of the learner to realise from their projections 
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the positions in space of points and lines. It is one which 
requires considerable time and thought to overcome. I have 
tried, however, to reduce it as much as possible by giving 
two figures with each problem of Chapter II. ; one of these 
figures being a perspective, representing the points, lines, 
and planes in their true positions, and the other their 
projections, and the ordinary solution of the problem. I 
trust that by carefully comparing these figures the student 
may be led by easy steps to connect the two things and 
obtain a clear idea of the methods employed in Descrip- 
tive Geometry, I have little doubt that any one who 
masters the first two chapters will find his after-course both 
interesting and comparatively easy. 

I may add that I have never lost sight of the practical 
nature of the subject, and have introduced only so much 
theory as seemed to me necessary to place the practice on a 
proper footing. 

J. B. M. 



MilNCHESTEB, 

April, 1878. 
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CHAPTER I 

THEOREMSw 

THE STRAIGHT LINE AND PLANE. 

Definition 1. A figure which has length, breadth, and 
thickness, is called a solid. 

Def. 2. A surface is the boundary of a solid and has 
length and breadth only. 

Def. 3. A plane is a mrface such that if any two points 
be taken in it, the straight line passing through them lies 
wholly in that surface. 

The plane is said to contain the line. 

Theorem I. 

Two straight lines which cut on^e another are in one 
plane. 

A P 



Let the two straight lines ABy CD, intersect in the point 
JE, then AB and CD are contained by one plane. 

M. ^ 
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Proof. Let any plane ivhich contains AB be made to 
revolve about that line as an axis, there is one position in 
which it will contain the point D ; but it also contains the 

point E) therefore it contains the whole line CD, 

(Def. 3). 

Therefore AB and CD are in one plane. 

Corollary, The line joining any two points B and D, 

one OA each line, will be in the plane containing AB, CD, 

(Def. 3). 

Therefore three straight lines which meet one another, 
not in the same point, are in one plane. 



Theobem IL 

Tf two planes cut one another, their common section is a 
straight line. 




Let JIf and iVbe the two intersecting planes, their com- 
mon section is the straight line AB. 

Proof. Let A and B be two points common to both 
planes M and iT. 

Since the points A and B are in the plane ilf, the straight 
line joining them lies wholly in that plane, (Def. 3). 

Similarly, since A and B are in the plane JT, the straight 
line AB lies wholly in N, 

Then the straight line AB is the common section of 
M and N. . 

Def. 4. The inclination to one another of two lines 
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which do not meet is the angle contained by two inter- 
secting lines parallel to them, each to each. 

_ Def. 6. A straight line is perpendicular to a plane when 
it is at right angles to every line meeting it in that plane. 

The foot of the perpendicular is the point in which it 
meets the plane, and the line is called the normal to the 
plane at that point. 

Def, 6. The angle between two intersecting planes is 
called a dihedral angle, and is measured by the angle be- 
tween two straight lines drawn from any point of their com- 
mon section, at right angles to it, one in each plane. 

Def. 7. When the angle between two planes is a right 
angle, the planes are said to be perpendicular to one another. 

Theorem III. 

If a straight line he perpendicular to each of two straight 
lines at their point of intersection, it shall also be perpendi" 
cular to their plane. 




Let AD be perpendicular to DB and DC at their point 
of intersection 2) ; it is required to prove that AD is per- 
pendicular to the plane BD C. 
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Let AD be produced to E^ so that DE=^DA, and E 
joined with B, C and F; DF being any line whatever in 
the plane BDG^ and F on the straight line BG. 

Proof. In the two triangles ADB, EDB, AD = DE by 
construction, BD is common to both triangles, and the angle 
ADB^BDEy since each is a right angle. 

Therefore -45 =.J5^. 

It may be proved in a similar way that AG—GE. 
Therefore the two triangles ABG^ EBG have the three 
sides of the one respectively equal to the three sides of 
the other, and are consequently equal in every respect. 
Hence if the triangle EBG were turned about BG till the 
planes of the two triangles coincided, E would coincide with 
A and EF with AF. 

Therefore J.jF'=^J!?: 

Then in the triangles ADF, EDF the three sides of the 
one are respectively equal to the three sides of the oth^r. 

Therefore the angle ADF^ EDF. 

That is ADF and EDF are right angles. 

Therefore AD is perpendicular to DF, 

In a similar way it may be shown that AD is perpen- 
dicular to every line passing through D in the plane BDGy 
and is therefore perpendicular to the plane. 

Gor, 1. It follows from Def. 4 that if AD is perpendicu- 
lar to any two lines in the plane it is perpendicular to every 
line in it. 

(7or. 2, Any number of straight lines which are drawn 
at right angles to the same straight line from the same 
point of it, are all in the plane which is perpendicular to 
the line at that point. 

Hence if one of the arms of a right angle be made to 
revolve about the other as an axis, it will describe a plane 
normal to that axis. 

Got. 3. Through any given point, either within or with- 
out a plane, only one normal can be drawn to the plane. 
For if it were possible to draw more than one, each of them 
would be perpendicular to a straight line in the same plane 
with them, which is impossible. 
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Theorem IV. 

Every plane which contains the normal to another plane 
is perpendicular to that plane. 




Let AB be normal to the plane MN] it is required 
to prove that any plane ABG which contains AB is perpen- 
dicular to MN. 

Proof. Let BD in MN be a perpendicular to BC, the 
<3ommon section of the two planes. 

Because AB is perpendicular to the plane MN it is per- 
pendicular to BC and BD^ (Def. 6). 

But the angle between the planes is measured by the 
angle .45A (Def. 6). 

Therefore the plane ABC is perpendicular to MN, 

(Def. 7). 

Theorem V. 

Jj^ two pla/nes he perpendicular to one another^ every line 
drawn in one of them perpendicular to their common section 
shall be perpendicidar to the other. 




Let the plane AC he perpendicular to t\i^ -^^tl^ "MS^^xi^ 
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the line AB in AC perpendicular to J5(7, the common 
section of the two planes ; it is required to prove that AB 
is a normal to the plane MN. 

Proof. Let BD be a perpendicular to 5(7 in the plane 

MN. 

Then because the plane AC is perpendicular to Jlf^, the 
angle ABB is a right angle, (Def. 7). 

Therefore AB is perpendicular to BD and BC, and con- 
sequently to the plane BC, (Theor. iii.). 

Cor. If from any point of the plane AC b. normal be 
drawn to MN^ that normal must lie wholly ia AC, for if 
not, two normals could be drawn to MN from the same point 
in AC, which is impossible, (Theor. III. Con 3). 



Theorem VL 

If two planes which cut one another be both perpendicular 
to a third plane, their common section shall be perpendicular 
to the same plane. 




Let the planes AC and AD be each perpendicular to 
MN; it is required to prove that their common section AB 
is perpendicular to MN. 

Proof Let B C and BD be the lines of intersection of 
the planes A C and AD with MN. 
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The line drawn through B perpendicular to the plane 

JkfJVmnst lie wholly in the plane -4(7, (Theor. V. C!or.). 

Similarly it must lie in AD. 

Therefore AB is the normal to MN at the point B. 



Theorem VII. 

Two straight lines which are perpendicular to ihe same 
plane are parallel to one anotiier. 




Let the straight lines AB and CD he each perpendicular 
to MN; it is required to prove that they are parallel to 
one another. 

Proof. Let B and D be the points of intersection of the 
lines with MN". 

Because AB is perpendicular to MN" the plane ABD is 
perpendicular to it also, (Theor. iv.). 

Because the plane ABD is perpendicular to MN, and the 
line DC is drawn through D perpendicular to MN, it lies 
wholly in the plane ABD, (Theor. v* Cor.). 

Therefore AB and CD are in the same plane. 

Also, since AB and CD are each perpendicular to MN, 
BD is their common perpendicular, (Theor. ill.). 

Hence AB and CD are in the same plane, and the 
straight line BD, cutting them, makes the angles B and D 
two right angles. 

Therefore the lines are parallel. 



8 
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Theobem VIII. 

If two straight lines he parallel, and one of Iheu he per- 
pendictdar to a plane, (he other shall he perpendmUar to it 
also. 




Let AB and CD be parallel, and AB perpendicular to 
MN; it is required to prove that CD is also perpendicular 
to MN. 

Proof Let B and D be the points of intersection cf 
^jPand CDmihMK 

AB and GD are in the same plane, being parallel, and 
BD is in the same plane with them, (Def. 3). 

AB and CD being parallel, the angles ABD and CDB 
are together equal to two right angles; but since AB is 
perpendicular to JOT, ABB is a right angle ; therefore CDB 
is a right angle. 

Because AB is perpendicular to MN, the plane ABD is 
also perpendicular to iOT, (Theor. iv.). 

But it has been proved that CD is in the plane ABD, 
and that it is perpendicular to BD, the qommon section of 
the two planes. 

Therefore CD is perpendicular to MJ^, (Theor, v.). 



Theobem IX. 

Two straight lines which are eojch parallel to the same 
straight line are parallel to one another. 
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Let CD and EF be each parallel to AB] it is required 
to prove that they are parallel to one another. 

Proof. Let the plane MN be perpendicular to AB, 

Then GD and EF stxe each perpendicular to MN, 

(Theor. VIIL). 

And consequently parallel to one another, (Theor. 

VII.). 

Def. 8. A straight line and a plane are parallel to 
one another when they cannot meet, however far they 
may be produced, 

Def. 9. Planes which do not meet when indefinitely 
produced in every direction are parallel to one another. 

It follows from definitions 8 and 9 that if two planes 
are parallel to one another, any line in one of them must 
be parallel to the other. 

Theorem X. 

If two straight lines are parallel to one another, any plane 
which contains one of them, but not both, is parallel to the 
other. 
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Let AB and CD be parallel ; it is required to prove that 
AB\a parallel to the plane MN which contains CD, but not 
AB. 

Proof. Becaose AB and CD are parallel they are in the 
game plane ABDC. 

Therefore if AB meet the plane MN it must meet it in 
some point of the line CD produced, which is the common 
section of the two planes. 

But AB cannot meet CD, being parallel to it. There- 
fore it cannot meet the plane MN, 

Therefore AB is parallel to If JT, (Def. 8). 

Theorem XI. 

If a straight line be parallel to a plane, it shall he parallel 
to the line in which any plane containing it cuts the first 
plane. 

B 




Let AB be parallel to the plane MN, and let the plane 
ABDC CMi MNm QD; it is required to prove that AB is 
parallel to CD, 

Proof. If AB be not parallel to CD, it must meet it 
if produced, since the two lines are in the same plane. But 
in the same point it would also meet the plane MN, which 
is impossible, since it is parallel to it. 

Therefore AB cannot meet CD ; and being in the same 
plane the lines are parallel. 

Cor. 1. If two straight lines which meet be each parallel 
to the same plane, the plane containing the two lines shall 



THE STRAIGHT LINE AND PLANE. 11 

be parallel to that plane. For if the two planes were not 
parallel they would meet when produced, and their common 
section would be parallel to each of two intersecting lines, 
which is impossible. 

C(yr. 2. If two straight lines AB, GD are parallel to one 
another, they are each parallel to EF, the common section of 
two planes ABFE, CDFE, each of which contains one of the 
lines. For AB is parallel to the plane CDFE, and CD 
parallel to the plane ABFE, (Theor. x.). 



Theorem XII. 

If two parallel planes he cut hy another plane, their com- 
mon sections with it shall be parallel. 




Let the parallel planes K and M be cut by the plane 
ABD in the lines AB, CD, respectively ; it is required to 
prove that AB and CD are parallel 

Proof. Because AB and CD lie wholly in the planes K 
and M respectively, they cannot meet except the planes also 
meet one another. 

But the planes cannot meet, since they are parallel. 
Therefore AB and CD cannot meet ; and as they are in the 
same plane, ABDC^ they must be parallel. 
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Theorem XIII. 

Planes to which the same straight line is perpendicular 
are parallel to one another. 




Let the line AB be perpendicular to the planes K and 
Jf, intersecting them at the points A and B respectively ; it is 
required to prove that K and M are parallel to one another. 

Proof. The two planes cannot meet, for if they met, 
two lines might be drawn from a point of their common 
section, one in each plane, to the points A and B, and the 

line AB would be at right angles to both lines, (Theor. 

ni.). 

That is, if the planes met, two perpendiculars could be 
drawn to a line from the same point without it, which is 
impossible. Therefore the planes are parallel. 



Theorem XIV. 

If two straight lines, which meet one another, be parallel 
respectively to two other lines which meet, but are not in the 
same plane vnth the first two, the first two and the other two 
shall contain equal angles, and their planes shall be parallel. 

Let ABy BG be parallel respectively to DE, EF; it is 
required to prove that the angle ABC^ DEF, and that the 
plane ABC is parallel to DEF. 
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Proof. Let equal distances AB, BC, EB, EF be set off 
on the four lines, and let A and B be joined with G and 
F respectively ; also A, B and C with D, E and F respectively. 

Then, because AB and BE are equal and parallel, AB 
and BE are also equal and parallel. 

Similarly CF and BE are equal and parallel. 

Therefore ^i) and OF are equal and parallel, (Theor. 

IX.). 

And consequently AC = BF. 

As the two triangles ABC, BEF have the three sides of 
the one respectively equal to the three sides of the other the 
^ngle ABG =: BEF. 

Again, because AB is parallel to BE, it is also parallel 
to the plane BEF, (Theor. x.). 

Similarly BG is parallel to BEF. 

Therefore the plane ABG is parallel to the plane BEF,.., 
(Theor. xi. Cor. 1). 

Def. 10. The foot of the perpendicular drawn from a 
point to a plane is called the orthogonal projection of the 
point on the plane. 

When not otherwise specified, the word projection is un- 
derstood to mean the orthogonal projection. 

Def. 11. The projection of a line on a plane is the 
line which contains the projections of all points of the 
given line. 
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Def. 12. The perpendicular drawn from the point to 
the plane is called the projector of the point, and the surface 
which contains the projectors of all the points of a line is 
called the projecting surface of that line. K the projecting 
sur&ce be a plane it is called the projecting plane. 



line. 



Theorem XV. 
The projection of a straight line on a plane is a straight 




Let AB be a straight line ; it is required to prove that 
its projection on the plane MN is also a straight line. 

Proof. Let ABb be a plane containing AB and perpen- 
dicular to j/jy". • 

Then every line drawn from AB perpendicular to JOT 
must lie in the plane ABb, (Theor. v. Cor.). 

That is, the projector of evfeiy point of AB lies in the 
plane ABb, which is, therefore, the projecting plane of AB, 
and the projection of AB is the common section of the two 
planes, or the straight line ah. 

Cor. 1. If a straight line be parallel to a plane, it shall 
be equal to its projection on that plane, for the two lines are 
the opposite sides of a rectangle. 

Cor. 2. Since Aa, Cc, Dd are parallel to one another 
(Theor. vn.), AC : CD :: ac : cd. 

Therefore, if a straight line be divided into any number 
of parts, they will have the same ratio to one another that 
their projections have. 
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Theorem XVI. 

If two straight lines he parallel to one another, their pro- 
jections on the same plane shall also be parallel. 




Let AB and CD be parallel ; it is required to prove that 
their projections ab, cd on MN are parallel. 

Proof. Because Aa and Cc are both perpendicular to 
the same plane MN (Def. 10), they are parallel to one another, 
(Theor. vil). 

Therefore, the plane aAB\a parallel to cCD, . . .(Theor.xrv.). 

But aby cd are the common sections of these two parallel 
planes with MN. 

Therefore ah is parallel to cd, (Theor. xil). 



Theorem XVII. 

If two straight lines he at Hght angles to one other, their 
prelections on a plane parallel to any one of them shall alsQ 
be at right angles. 

Let the lines AB, CD be at right angles to one another, 
and the plane MN parallel to AB ; it is required to prove 
that the projections ab, cd are also at right angles. 

Proof Because AE is parallel to MN it is parallel 
to 06, (Theor. x.). 
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And since Ee is at right angles to ae, it is also at right 
angles to AE, 

Therefore AE is perpendicular to the plane CDd, since it 
is perpendicular to the two lines CD, Ee, (Theor. ill.). 

But ae being parallel to AE is also perpendicular to the 
plane CDd, and consequently to the line cd. That is the 
angle aed between the projections of AB, CD is a right 
angle. 



Theorem XVIII. 

If the projections of two straight lines he at right a/ngles 
to one another, and one of the lines parallel to the pkme of 
projection, the two lines shaU be at right angles to one anoih&r. 

If ah and cd be at right angles and AB be parallel to the 
plane MN, then AB and CD are at right angles. 

Proof Since ae is at right angles to Ee and ed, it is 
a normal to the plane GDd. 

But AEvs parallel to MN, and therefore also to ae, ...... 

(Theor. xi.). 

Hence ^^is normal to CDd, (Theor. Vlii.). 

Therefore AB is at right angles to GD^ (Def. 5). 



CHAPTER II. 



INTRODUCTION TO DESCRIPTIVE GEOMETRY AND PROBLEMS 
ON THE STRAIGHT LINE AND PLANE. 

Descriptive Geometry has for its principal objects the 
representation of sohd figures on a plane surface, and the 
graphic solution of the problems of Solid Geometry. 

In other words, it is that branch of Geometry by means 
of which accurate drawings of machines and structures are 
made, and problems respecting solid figures reduced to those 
of Plane Geometry. 

As an illustration of the use and importance of this 
branch of Geometry, suppose the position of a plane and 
point in space to be known, and that it is required to find 
the distance of the point from the plane. This will require 
the drawing of a perpendicular from the point to the plane, 
finding the point of intersection, and then determining the 
distance between the two points. Euclid shows how a per- 
pendicular from a point to a plane may be drawn, but in 
solving the problem practically according to his directions it 
would be found necessary to work on three diflferent planes, 
the relative positions of which cannot be determined before- 
hand, but must be fixed at the diflferent steps of the con- 
struction. In attempting to solve this elementary pro- 
blem by Euclid's method, the necessity will soon be felt 
of adopting some mode of construction in which the data 
of the problem may be represented and the necessary con- 

M. ^ 
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structions executed on a single plane surface. Both these 
advantages are obtained by the method of projections (see 
defs. 10 to 12), which is the method used in Descriptive 
Geometry. 

A paint is completely determined when its projections 
are given on two intersecting planes, the positions of which 
are known; for there will then be two lines — the projectors — 
on which the point must lie, and it will consequently be 
their point of intersection. Let a and a' be the projections 
of a point on the two planes H and V (fig. 1), then the point 
must be in each of the lines Aa and Aa'; so that there is 
only one point A which can have the projections a and a\ 

A line, straight or curved, is completely determined when 
its projections are given on two intersecting planes; as will 
be seen from fig. 3, where in one case the line AB is the 
common section of the two projecting planes ABab, ABa'b', 
and in the other the line BGDE is the common section of 
the two projecting surfaces (def. 12) BCBEedcb, BGDEed'db'. 
The only exception would be when the two projecting planes 
of the line coincided, that is when they were perpendicular 
to the common section of the two fixed planes (Theorem vi.), 
and in that case it would be necessary to have a projection 
of the line on another plane not parallel to either of the 
first two. 

These fixed planes to which points and lines are referred 
are called co-ordinate planes or planes of projection. They 
are taken at right angles to one another and one of them is 
supposed to be horizontal and the other vertical; thus (JS) 
in fig. 1 is the horizontal plane of projection, and (F) the 
vertical plane of projection. Their common section ay is 
called the ground line. 

Projections on the horizontal plane are called horizontal 
projections, and those on the vertical plane vertical projec- 
tions. The equivalent terms plan and elevation have been 
long in use in connection with the drawings of buildings 
and other objects, and are now frequently extended to the 
projections of points and lines. 

As the planes are at right angles to one another any 
point on one of them has for its projection on the other a 
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point on the gi'ound line (Theor. V.) ; thus in fig. 9, a' and 
6, on the ground line, are the projections of the points A and 
JB respectively, one in each plane of projection. 

The plane which contains the two projectors of a point, 
as aAa /Sig. 1, must be perpendicular to each plane of pro- 
jection (Theor. IV.), and consequently to the ground line 
(Theor. Vi.), so that xy is at right angles to aa^ and 0,'%: 
hence — 

The perpendiculars drawn from the projections of a point 
to the ground line meet it in the same point. 

The lines aa^^ and a'a^ are respectively equal to the pro- 
jectors Aa' and Aa; that is aa^ and a'a^ are equal to the dis- 
tances of A from the planes of projection. 





%- ^ 
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The point of intersection of a line with a surface or of 
one surface with another is called a trace. When not other- 
wise stated the term trace is used to denote the intersection 
of a line or surface with the planes of projection. The 
points A and B (figs. 9, 11, 13, 15) are the traces of the 
line AB: A is called the horizontal trace, and B the vertical 
trace. The straight lines LR and 8N' (fig. 5) are the ver- 
tical and horizontal traces of the plane LMN; bee (fig. 3) is 
the horizontal trace of the surface BCEecb, and 6'c'e' the 
vertical trace of the surface BCEe'o'V. 

The traces of a plane meet the ground line at the same 
point, which is the point of intersection of the ground line 
with the plane. Hence when the ground line is parallel to 
a plane it is parallel to the traces of that plane. 

If a plane be parallel to one of the co-ordinate planes it 
cannot have any trace on that plane, and its trace on the 
other must be parallel to the ground line, as ES in fig. 7, 
(Theor. xii.). 

When a plane is perpendicular to one of the co-ordinate 
planes its trace on the other is perpendicular to the ground 
line, Theor. VI. Thus LMN, fig. 7, is perpendicular to the 
horizontal plane and LM consequently perpendicular to ayy. 

Any two straight lines on the planes of projection which 
meet the ground line at the same point, or which are parallel 
to it, may be considered as the traces of a plane. 



PROBLEMS ON THE STRAIGHT LINE AND PLANE. 



21 




.4*. 





22 DESCRIPTIVE GEOMETRY. 

If a line be perpendicular to one of the co-ordinate planes 
its projection on the other will be perpendicular to the 
ground line. ^ For its projecting plane will be perpendicular 
to the same plane to which the Ime is perpendicular (Theor. 
rv.), and therefore the trace of that projecting plane with the 
other co-ordinate plane must be perpendicular to the ground 
line. 

Any two lines whatever, one on each plane of projection, 
may be the projections of the same line, except when they 
are both at right angles to the ground line, and meet it at 
diflferent points; for in that case the two projecting planes 
being each perpendicular to the planes of projection (Theor. 
rv.) would also be perpendicular to the ground line (Theor. 
VI.), and therefore parallel to one another, Theor. xin. 

So far, points, lines, and surfaces, have been referred to 
two planes, but in order to work the problems it is necessary 
that these should be reduced to one. This is done by turn- 
ing the vertical plane about the ground line as an axis till it 
comcides with tne horizontal plane, the motion being in the 
direction of the arrow in fig. 1. This process is called the 
"rabatment"* of the vertical plane, which is supposed to 
carry with it all the points and lines which were conceived to 
be on it in the vertical position. As the ground line remains 
fixed, points and lines on the planes of projection will be 
respectively at the same distance from it and make the same 
angles with it after the rabatment of the vertical plane as 
before. Figs. 1, 3, 5, &c., show the planes of projection in 
their true positions; figs. 2, 4, 6, &c., show the points and 
lines on them after the rabatment of the vertical plane. 

It has been shown that the perpendiculars from the 
projections aa' of a point A meet at the same point of the 
ground line, so that when the two planes coincide these two 
perpendiculars will be in one straight line, therefore 

The projections of a point must lie in the same perpendi- 
cular to the grovmd line. 

It will be seen from figs. 1 and 2 that a point is in front 
of the vertical plane as A, or behind it, as G, according as 

1 A term introdnoed by Dr Woolley as an equivalent for the French word 
Babattement, which is used in the same sense by ^rench writers on this 
subject. 
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its horizontal projection after the rabatment is above or 
below the ground line. Also a point is above or below the 
horizontal plane according as its vertical projection is above 
or below the ground line. It is evident too that the dis- 
tance of a point from the vertical plane is equal to the 
distance of its horizontal projection from the ground line, 
and its distance fronjb the horizontal plane equal to the dis- 
tance of its vertical projection from the ground line. 

It must be borne in mind that the rabatment of the ver- 
tical plane is only used as a means of practically working out 
the problem on a single plane, and in reasoning about, or in 
realizing to the miod, the relative positions of the points. 
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lines or figures in space, it is necessary to conceive the planes 
of projection at right angles to one another. To assist the 
student in forming a right conception of the following pro- 
blems of this chapter two figures are given with eacb^ one 
representing the principal points, lines and planes in their 
true positions with the co-ordinate planes at right angles 
to one another, and the other showing the actual solution 
of the problem on one plane. 

Problem I. Figs. 9 to 16. 

Oiven the trdcea of a straight line, tojind its projections. 

Let A and B be the horizontal and Vertical traces re- 
spectively of th« straight line AB ; it is required to find its 
projections. 

Construction. From B draw Bh perpendicular to the 
ground line ay; the line Ab is the horizontal projection 
of AB. 

Similarly, to find the vertical projection of AB, drav Aa' 
perpendicular to xy and join Ba. 

Proof. Since £ is a point in the vertical plane of pro- 
jection, the line Bb at right angles to xy is perpendicuUr to 
the horizontal plane (Theorem v.), and is therefore the iori- 
zontal projection of the point B of the given line. The hori- 
zontal projection ot AB must pass through the point 6, and 
it is evident it must pass through A ; therefore Ab is the 
horizontal projection of AB. 

It may be shown in a similar way that Ba' is the vertical 
projection of AB. 

Problem II. Figs. 9 to 16. 

Oiven the projections of a straight line, to find its traces. 

Let Ab, Ba' be the projections of a straight line AB; it 
is required to find its traces. 

Construction. Produce the line Ab, if necessary, to meet 
the ground line at b ; through the point b draw bB at right 
angles to iry to meet the vertical projection at B. The point 
B is the vertical trace of the given Ime. 

To find the horizontal trace A, produce Ba to meet the 
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ground line, and draw dA perpendicular to xy to meet Ah 
in A, A is the horizontal trace of the line. 

Proof, Because Bh is in the vertical plane of projection 
and is perpendicular to xy, it is perpendicular to the hori- 
zontal plane (Theor. v.); and since it passes through the 
point 6, it must be the projector" of the point in which the 
given line meets the vertical plane; that is, the vertical 
trace of the line is in Bh ; but the vertical trace of the line 
must be in its vertical projection ; it is therefore the point B 
in which the lines intersect. 

Similarly it may be proved that A is the horizontal trace 
of the given line. 

Corollary. If a straight line be parallel to one of the co- 
ordinate planes, its projection on the other will be parallel to 
the ground line. 



Problem III. Figs. 17 and 18. 

To determine the projections of a straight line which 
passes through a given point, and is parallel to a given 
straight line. 

Let Ab, a^B be the projections of the given line AB, and 
pp' the projections of the given point P ; it is required to 
draw the projections of the line which passes through P, and 
is parallel to AB. 

Construction. Through the point p draw pC parallel to 
Ab, and through p' drawee' parallel to a'B ; pC sjidpc' are 
the projections required. 

Proof The line through P parallel to AB must have 
its horizontal and vertical projections respectively parallel to 
Ab and a'B (Theor. xvi.), and passing through p and p', the 
projections of P; therefore pG and pV are the projections 
required. 

Corollary. As there can only be one line of which pC 
and p'c' are the projections, it follows that if the vertical and 
horizontal projections of two straight lines are respectively 
parallel to one another, the lines are also parallel. 
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Problem IV. Figs. 19 and 20. 

Given the projections of two points, to determine the dis- 
tance between them. 

Let aa\ bV be the projections of two points A and B ; it 
is required to find the length of the line AB. 

It is obvious from figure 19 that AB is the hypotenuse of 
a right-angled triangle ABC of which AG is equal to ab, the 
horizontal projection of the line, and BC is the difference of 
the heights of A and B. Hence the following : — 

Construction. Through a' draw a line parallel to ajy, 
meeting bV in the point c', and make c'a/ equal to ba : 6'a/ 
is the distance required. 

Proof. The right-angled triangle a'Vc has the two 
sides a\c' and b'c equal respectively to AG and BG oi the 
triangle ABG; therefore a^b' is equal to AB. 

Remarks. The triangle a/6'c may also be considered as 
the vertical projection of ABG when the vertical projecting 
plane of AB is turned about Bb, as an axis, till it comes 
parallel to the vertical plane of projection, when every line of 
the figure AabB is equal to its vertical projection (Theor. XV. 
Cor. 1). 

It may be observed that the problem might be solved in 
a similar manner by constructing a right-angled triangle 
with its base equal to a'U, and the perpendicular equal to 
the difference of Aa and Bb'. If A and B were on opposite 
sides of the vertical plane, the perpendicular would be the 
sum of the projectors. 



Problem V. Figs. 19, 20, 21, 22. 

Given the projections of a point, and a line through the 
point, to lay off a given distance from the point along the 
line. 

Let bh, b'K be the projections of the line, and bV the pro- 
jections of the point ; it is required to find the projections of 
a point on BH at a given distance from B. 

Gonstruction. Take any point H on the line and con- 
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struct the triangle Vh^lc as in Problem rv. ; set off the given 
distance h'a^ froni V along the line 6'A/, produced if neces- 
sary; draw a*a^ perpendicular to xy to meet ha^ drawn 
parallel to ay, and make ha equal to ha^. a will be the 
'horizontal projection of the point required, and a' its vertical 
projection. 

Proof ^K^% 

since hh\ hji, and a^a/ (figs. 20 and 22) are parallel to one 
another. 

That is Tr-\ = rr . 

oa, oa 

(In figs. 21 and 22, fi"and h coincide.) 

Also -tta = r- Theorem xv. Cor. 2. 

xfA ha 

Therefore -^-7 — u-^f 

BA ha. 

But BH= b\'; therefore BA = 6'a/, the given length. 

Remarks, It will be seen from this proof that ha is a 
fourth proportional to the three lines BH, hh, and BA, 
the given length. 

Another way of considering the problem, which gives the 
same construction, is to suppose Bhh, the vertical projecting 
plane of BH, to turn about Bb as an axis till it is parallel to 
the vertical plane of projection, and finding the vertical pro- 
jection hh, of the given line in that position; then setting 
off the given distance from V along h%, which gives a, as 
the horizontal projection of the point required when the line 
BA is parallel to the vertical plane. The plane Bhh is then 
returned to its former position. In the motion of Bhh about 
Bb any line ha or CA at right angles to Bb will move in 
a horizontal plane (Theor. III. Cor, 2). 

This manner of considering the solution will be easily 
understood from the figures. 
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Problem VI. Figs. 19, 20, 21, 22. 



Given the projections of a line, to find the angles which 
it makes with the planes of projection. 

Let it be required to find the angle which AB makes, 
(1) with the horizontal plane, (2) with the vertical plane. 

Construction, Draw the triangle 6'a/c' as in Problem m.; 
the angle b'a^d will be the angle which AB makes with the 
horizontal plane.- 

Proof Because the triangle Va^c is constructed equal 
to BAC, the angle Va^c' = BAC. 

But since CA is parallel to a6, BAG is equal to the angle 
between AB and ah. 

Therefore Va^c* is the angle required. 

If a right-angled triangle be constructed having aV for 
one side, and the difference of Aa and BV for the other, the 
angle between the h3rpotenuse and a'i' will be the angle 
which AB makes with the vertical plane of projection. 

When the line meets a plane of projection as in figs. 21 
and 22, it is generally most convenient to construct the 
triangle Vh^k' for determining the angle which it makes with 
that plane. 
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Problem VII. Figs. 23, 24. 

To determine the projections of a straight line which shall 
contain a given point and make given angles with the planes 
of projection. 

Let pp* be the projections of a point P; it is required to 
find the projections of a straight line passing through P, 
making an angle a with the horizontal plane, and an angle fi 
with the vertical plane of projection. 

Construction. Draw p'a making an angle a with ary; 
with centre p and radius equal to oa' describe the circle 
AA^. Draw the line^i making the angle ap'b equal to /3, 
and from a' draw ab perpendicular to pb ; with centre jp' and 
radius pb describe a circle meeting xt/ in a/, and draw a^A^ 
perpendicular |to xy to meet the circle AA^ in the point A^. 
pA^ and p'a^ will be the projections of the line required. 

Proof, Since in the two right-angled triangles I^A^ and 
p'oa\ Pp ^po and pA^ = oaly the triangles are equal in every 
respect. 

Therefore the angle PA^p ^p'a'o = a. 

Again, the line PQ is parallel to p'a^ (Prob. IIL Cor.), 
and therefore equal to it (Theorem XV. Cor.), and conse- 
quently equal to ph. 

Then in the two right-angled triangles PQA. and p'ha\, 
PA,=p'a'8^dPQ=^p'b. 

Therefore the angle A^PQ = a'p'b = /3. 

But the angle A^PQ is equal to the angle between PA^ 
and p'a^, since PQ and p'a^' are parallel. 

Therefore the inclination of PA^ to the vertical plane is 
equal to fi. 

Remarks. It may be proved in a similar manner, that 
the three lines passing through P and the points marked 1, 
2, 3 make the given angles with the planes of projection ; 
so that, in general, there are four solutions to this problem. 
If ^ were the complement of a, and therefore equal to op'a', 
p'h would be equal to p'o and the circle described from the 
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centre p* through J would meet ocy in one point only ; in 
that case there would be two solutions. 

If a + iS were greater than 90°, jp'J would be less than ^o 
and the circle described through J would not meet xy, and 
the solution would be impossible. That is, the sum of the 
angles which a line makes with the planes of projection can- 
not exceed 90° ; and when they are equal to 90° the projec- 
tions of the line are at right angles to the grouud line. 



Problem VIII. Figs. 25 and 26. 

Oivefa the projections of two straight lines which intersect, 
to find the angle between them. 

Let ah, dV and aCy dc be the projections of the two 
straight lines AB^ AG\ it is required to find the angle 
BAC. 

First Solution. Construction. Draw any line Vc 
parallel to xt/, and draw 6'6, cc perpendicular to xy to meet 
the horizontal projections of the two given lines. Join be. 
Find the lengths of the lines AB and A G (Prob. iv.), and on 
be, as base, describe the triangle ba^c, having the sides ba^, ca^ 
equal to BA and GA respectively. The angle ba.c will be 
the angle required. 

Proof. The line be = BC, since BG is horizontal (Theor. 
XV. Cor. 1). Therefore the three sides of the triangle bax are 
respectively equal to the three sides of the triangle BAG, 
Hence the angle ba^c = BAG. 

Second Solution. Gonstruction. Find the projections 
of the horizontal line 5 a as before. Draw ad perpendicular 
to be, and on da produced set off da^ equal to the line DA. 
The angle fea^c will be the angle required. 

Proof ad and dd are the projections of the perpen- 
dicular from A on the base BG (Theorem xvn.). 

Since in the two triangles BAG, ba^c, 

BD = bd, DG=^dc and DA^da^, 

the triangles are equal in every respect, and consequently 
the angle ba^c^BAG, 
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If the two given lines were AB and BO, either AC or 
AD could be drawn so as to form a triangle from wliich the 
angle ABC might be determined. 

Corollary, To bisect the angle between two given lines. 

Construct the angle between the lines, and find the 
point where the bisector meets the base BO; then join the 
projections of that point with a and a' respectively. 



Problem IX. Figs. 27 and 28. 

To determine the horizontal projection of a given angle 6, 
when the lines containing it make angles of a and /3 respec- 
tively with the horizontal plane. 

Construction. From any point A in the vertical plane of 
projection draw AB and A 0, making angles a and fi respec- 
tively with ay. Also draw AD equal to AC and making an 
angle with AB. Construct the triangle BaC^, having the 
sides aCj, C^B equal respectively to aC and BD. BaC^ will 
be the horizontal projection required. 

Proof. It is obvious from fig. 27 that the triangle AaC^ 
is equal to AaC, and therefore AC^ has the required in- 
clination, ^. 

Also since B0^ = BD, and AC^ = AD, the triangle 
ABC^ = ABD, and consequently BAC^ = 0. 

Remarks. This is called reducing an angle to the horizon. 
It may be used in mapping for finding the horizontal pro- 
jections of angles measured with the sextant between objects 
at different altitudes. 

If the projection of one of the lines be given in position, 
the vertical plane in which AB and A C are drawn should 
contain that line. 

OL-{-P + cannot exceed 18(f . 
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Problem X. Figs. 29 and 30. 

To determine the traces of a plane containing three given 
points not in the same straight line. 

Let aa'y IV, cd be the projections of three points -4, J5, C\ 
it is required to find the traces of the plane containing A^ B 
and C. 

Constmction. Find the traces L and M of the line AB 
(Prob. n.) and the traces Q and B of BC. The lines LQ and 
MR will be the traces of the plane required. 

Proof. Since the points L and -Ware in the plane LSMy 
the whole line LM is in it (def. 3), and therefore the points 
A and B» 

Similarly since R and Q are in the plane L8M, B and 
C must be in it. 

-Therefore the plane L8M contains A, B and (7. 

BemarTcs. The traces of the third line AG must also be 
in the traces of the plane. 

As the traces of a plane meet on the ground line, it 
follows that one trace of a plane and a point on the other 
trace is sufficient to determine it. 
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Problem XI. Figs. 31 and 32. 

Given the projections of two lines which are not in the 
same plane, to determine the traces of a plane which shall 
contain one of these lines and be parallel to the other. 

Let AB and PQ be the given lines, it is required to find 
the traces of a plane containing AB and parallel to PQ, 

Construction. Find the traces L and M of the line AB, 
Through any point of AB, as B, draw a line parallel to P^ 
(Prob. in.) and determine If and the traces of this line. 
LNSO will be the plane required. 

Proof Because the plane L80 contains NO, which is 
parallel to PQ, therefore the plane is parallel to PQ 
(Theor. x.). It is obvious the plane contains AB, 
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Problem XII. Figs. 33 and 34. 

To determine a plane which shall contain a given point 
and be parallel to a given plane. 

Let it be required to find the traces of a plane containing 
the point P and parallel to LMN, 

Construction, Through P draw PQ parallel to MN^ and 
find its vertical trace Q. Draw Q8 and 8T parallel respec- 
tively to LM and MN. The plane R8T will be the one 
required. 

Proof. Because R8 and 8T are parallel respectively to 
LM and MNihe planes are parallel (Theor. xrv.). 

Again, since PQ and 8T are both parallel to MN they 
are parallel to one another (Theor. ix.), and therefore in the 
same plane ; so that the plane R8T which contains Q and 
^frinust also contain P. 

Remark. The line through P need not necessarily be 
drawn parallel to MN, but may be parallel to any line what- 
ever in the plane LMN. 
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Problem XIIL Figs. 35 and 36. 

Given the traces of two intersecting planes, to draw the 
projections of their common section. 

Let it be required to find the projections of the common 
section of the planes LMN and OPQ. 

Construction. Find A and B, the points of intersection 
of the vertical and horizontal traces respectively of the planes, 
and draw the projections of the line whose traces are A and 
B', these will be the projections required. 

Proof It is evident that A and B are points of the 
common section ; and since they are points in the planes of 
projection they are the traces of the common section. 

Corollary 1. If three planes have a common point it 
must lie in the line of intersection of each pair of planes ; 
hence the projections of the point may be determined by 
finding the projections of any two of these lines. 

Thus pp are the projections of the point of intersection 
of the three planes marked (1), (2), (3), (figs. 37 and 38). 

Cor. 2. When the two planes meet the ground line at 
the same point, as planes (1) and (2) (figs. 37 and 38), the 
method given above fails. A point in the common section 
of the two planes may be found by taking a third plane, (3), 
intersecting the other two and finding the common point P 
of the three planes. Then as the common section of (1) and 
(2) must also pass through M it is completely determined. 

Cor. 3. If the traces on one plane of projection only be 
parallel then the common section of the two planes must be 
parallel to these (Theor. xi. Cor. 2). Hence it is only neces- 
sary to draw the projections of a line passing through the 
point of intersection of the traces on one plane of projection 
and parallel to those on the other. 

Cor. 4. If both traces of each plane be parallel to the 
ground line the common section will also be parallel to the 
ground line (Theor. xi. Cor. 2, and Theor. ix.). Therefore 
one point of the line will be sufficient to determine it. This 
point may be found by taking a third plane intersecting the 
other two and finding the common point. 
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Problem XIV, Figs. 39 and 40. 

To find the point of intersection of a line and a plane. 

Let ahy a!B be the projections of the line and LMN the 
traces of the plane. 

Construction. Take the vertical plane AaB containing 
the line AB^ and find the vertical projection Cd! of the com- 
mon section of AaB and LMN. The point o' where a'B and 
Cd' intersect will be the vertical projection of the point 
required ; the other projection will be o on ah. 

Proof Since AB and CD are in the same plane AaB 
they intersect in the point 0. But CD is also in the plane 
LMN, and therefore is in that plane. 

Hence AB meets LMNirx 0. 

Eemarh. Any plane whatever might be taken containing 
AB ; but when the plane is taken perpendicular to one of 
the planes of projection; as above, the solution is shortest. 
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Pboblem XV. Figs. 41 and 42. 

To determine the projections of a line which shcdl contain 
a given point and he perpendicular to a given plane. 

Let pp' be the projections of the point and LMN the 
traces of the plane. 

Construction. Draw pq perpendicular to MN and p'q 
perpendicular to LM; pq, pq will be the projections of the 
line containing F and perpendicular to LMN, 

Proof. Because MN is horizontal it is perpendicular to 
Ppy and since it is also perpendicular to pS it is perpendicular 
to the plane PQ8 (Theor. iii. Cor. 1), and therefore the plane 
LMN is perpendicular to PQS (Theor. iv.). 

It may be proved in a similar manner that LMN is per- 
pendicular to the projecting plane jp'PQ. 

Therefore, since PQS and pPQ are perpendicular to 
LMNf their common section, PQ, is perpendicular to it 
(Theor. VI.). 

Cor. 1. To determine the distance from a point to a 
plane. 

Draw the projections of the perpendicular and find the 
point of intersection Q by Problem XIV.; then determine the 
length of the line PQ (Prob. iv.). 

Cor. 2. To determine a plane parallel to a given plane 
and at a given distance frtym it. 

From a point in the given plane draw a line at right 
angles to it and set off the given distance from that point 
along the line (Prob. v.) ; then through the point so found 
draw a plane parallel to the given plane (Prob. xii.). 

Cor. 3. To determine the traces of a plane which shall 
contain a given line and he perpendicular to a given plane. 

From any point of the given line draw a perpendicular to 
the given plane, and find the traces of the plane containing 
these two intersecting lines (Prob. x.). This will be the 
plane required (Theor. iv.). 
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Cor. 4. To determine the traces of a plane which shaU 
contain a given point cmd be perpendicular to two given, 
planes. 

From the given point draw a perpendicular to each of 
the given planes, and find the traces of the plane containing 
these two perpendiculars (Prob. x.). 

Note. It has been proved in this problem that when the 
projections of a line are at right angles to the traces of a 
plane the line is perpendicular to the plane. The converse is 
also true ; i.e. if a line^be perpendicular to a plane the projec- 
tions of the line are at right angles to the ti^ces of the 
plane. For, otherwise two perpendiculars might be drawn to 
a plane from the same point, which is impossible (Theor. m. 
Cor. 3). 

Problem XVI. Figs. 43 and 44. 

To determine the traces of a plane which shall contain a 
given point, and be perpendicular to a given line. 

Let pp' be the projections of a point P, and aJ, a'V the 
projections of a line AB ; it is required to find the traces of 
a plane containing P and perpendicular to AB. 

It follows firom Problem xv., that the traces of the re- 
quired plane must te at right angles to a6, cdb') so that it 
is only necessary to determine a point in one of the traces : 
hence the following : — 

Construction. Through P draw a line parallel to the 
horizontal trace of the required plane, that is a^ line PQ 
having its horizontal projection pq at right angles to ab, and 
its vertical projection parallel to the ground line, and find 
the vertical trace Q of this line. Through Q draw QM per- 
pendicular to a'h\ and through M draw MN perpendicular to 
ah. QMNvf'ill be the plane required. 

Proof. Because the lines PQ and MN are parallel they 
are in the same plane; but the point Q is in the plane 
QMN, therefore the whole line PQ is in that plane. 

That is the plane QMN contains P, and it is perpen- 
dicular to AB (Prob. XV.). 
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Problem XVII. Figs. 43 and 44. 

From a given point to draw a perpendicular to a given 
line. 

Let pp' be the projections of the point, and ah, a'b' the 
projections of the line ; it is required to find the projections 
of the perpendicular from P on AB. 

Construction. Draw a plane LMN containing P, aid per- 
pendicular to AB (Prob. XVI.), and determine the point of 
intersection B (Prob. XIV.). PB will be the perpendcu^r 
required. 

Proof, Because AB is perpendicular to the plane LMN^ 
it is also perpendicular to PB (Def. 5). 

Problem XVIII. Figs. 45 and 46. 

To determine the common perpendicular to two straight 
lines which are not in (he saws plans. 

Let AB and CD be the two given lines ; it is required 
to find their common perpendicular. 

Construction. Find the traces of the plane DMG contain- 
ing CD and parallel to AB (Problem xl). 

Find the traces of the plane ANB containing AB and 
perpendicular to the plane DMC (Prob. xv. Cor. 3). 

Next determine the projections of the common section 
EFoi the two planes DMG and ANB; and from the point 
Gf where EF intersects GD, draw GH perpendicular to the 
plane DMG (Prob. xv,). OH will be perpendicular to the 
two lines AB and GD. 

Proof. Because OH is perpendicular to the plane DMG 
it is perpendicular to CD (Def. 5). For the same reason it 
is perpendicular to EF, and therefore lies in the plane ANB 
(Theor. V. Cor.). 

But AB and EF are parallel (Theor. xi.), and since OH 
is perpendicular to ^i^it must be also perpendicular to AB, 

Therefore OH is the common perpendicular to AB and 
CD. 
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Problem XIX. Figs. 47 and 48. 

To determine the inclination of a plane to each plane of 
projection. 

Let AMD be the traces of a plane, it is required to find 
its inclination (1) to the horizontal plane; (2) to the vertical 
plane. 

Constructicm. Draw a vertical plane AaB, having its 
horizontal trace aB at right angles to MD, and find the 
angle between AB, the common section of the two planes, 
and aB (Prob. vi.); that will be the inclination of AMD to 
the horizontal plane. 

To find the inclination to the vertical plane ; draw the 
traces of a plane C^D, perpendicular to the vertical plane, 
and having its vertical trace Gq[ at right angles to AM'^ the 
angle y8, between DG and Gq, will be the inclination required. 

Proof, Since AaB is perpendicular to the horizontal 
plane, and D-B is perpendicular to aS, it is also perpendicular 
to the plane AaB (Theor. v.), and consequently AB is at 
right angles to BD (Def 5). Because AB and oB, one in 
each plane, are both perpendicular to MD, the common 
section of the two planes, the angle ABa measures the di- 
hedral angle between the planes (Def. 6). 

In a similar manner it maybe proved that the inclination 
of AMD to the vertical plane is equal to the angle between 
DG and Gq\ 

Problem XX. Figs. 47 and 48. 

To find the traces of a plane which shall contain a given 
point, and make given angles with the planes of projection. 

Let P be the given point, a and fi the required inclina- 
tions to the horizontal and vertical planes respectively. 

Gonstvuction. Through the point P draw a line PQ, 
making ain angle of (90® — a) with the horizontal and an 
angle of (90® — )8) with the vertical plane of projection 
(Prob. vn.). 
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Next, determine the traces AM and MD of a plane con- 
taining P and perpendicular to PQ (Prob. xvi.). AMD will 
be the plane required. 

Proof. Because PQ is perpendicular to AMB, the plane 
PBQ is also perpendicular to AMB (Theor. rv.), and since it 
is the projecting plane of PQ, it is perpendicular to the hori- 
zontal plane. Therefore the inclination of AMB to the hori- 
zontal plan6 is measured by the angle PBQ (Def. 6). 

But since PQ is perpendicular to AMB, QPB is a right 
angle (Def. 5), and therefore PQ^y PBQ are complementary, 
and since PQB has been constructed equal to (90** — a), 
PBQ = a. 

In a similar way it may be proved that AMB is inclined 
at an angle y8 to the vertical plane of projection. 

Remark. As four lines can be drawn, making the angles 
(90^ — a) and (90^ — )8) with the co-ordinate planes (Prob. 
VII.), so there may be four planes drawn to fiilfil the con- 
ditions of this problem. 
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Problem XXI. Figs. 49 and 50. 

Oiven the traces of two intersecting planes to determine the 
angle between them. 

Let LMN, LON be two planes intersecting in LN\ it is 
required to determine the dihedral angle between them. 

If a plane, as BAG fig. 49, were drawn perpendicular 
to LN, the angle BA G would be the angle required (Def. 5 
and 6). Hence the following : — 

Construction, Find IN, the horizontal projection of LK 
Draw any line BG at right angles to i!!^ and cutting it in D. 
Determine the perpendicular to LN from J): this may be 
done by constructing the triangle LIN^ on the vertical plane 
of projection equal to LIN, and then drawing the perpen- 
dicular from Dj on LN^, as in fig. 50. 

Set off along the line Dl the distance DA^ equal to D^A^] 
and join A^ with B and G, BAJO is the angle required. 

Proof. Because BD is perpendicular to IN, it is perpen- 
dicular to the plane LIN (Theor. V.) and therefore to the line 
LN (Theor. in. Cor. 1). But DA is also perpendicular to 
LN; therefore LN being at right angles to BD and DA, is 
at right angles to the plane BAG; consequently the angle 
BA C is the angle required. 

But the triangle BA^G has been constructed equal to 
BAG. 

Therefore the angle BA^Gis equal to the angle between 
the two planes. 



Problem XXII. Figs. 49 and 50. 

To determine the trances of a plane which shall intersect a 
given plane in a given line, and muke a given angle with it. 

Let LON be the given plane and LN the given line in 
it; it is required to find the traces of a plane containing 
LN and making an angle 6 with LON. 



\ 
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Construction, Draw any line BC perpendicular to IN, 
and determine the perpendicular DA as in Prob. xxi. Make 
DA^ equal to DA; join BA^, and make the angle BA^G 
equal to 0, Draw NO, producing it to meet the ground 
line in Jf, and join ML. LMN will be the plane required. 

Proof. It may be proved, as in Problem xxi., that the 
angle between the two planes LMN and LON is equal to 
BA^C] but BA/) is equal to the given angle 0. 

Also LMN contains LN since it contains the points L 
and N. Therefore LMN is the plane required. 

Corollary. To determine the traces of a plane which shaU 
bisect the angle between two planes. 

Find the angle between the two planes by Prob. XXL 
Next draw a third plane containing the common section of 

the two given planes and making an angle ^ with either of 

them. 



Problem XXIII. Figs. 51 and 52. 

To determine the inclination of a straight line to a plane. 

Let LMN be the traces of a plane, and ab, a'V the pro- 
jections of a line, it is required to find the angle which AB 
makes with LMN. 

Construction. From any point A on the given line draw 
AC perpendicular to the given plane (Prob. xv.), and find 
the angle contained by AB and AC = bA^c (Prob. Villi). The 
angle which is the complement of bA^c will be the angle 
required. 

Proof Let P and Q be the points in which AB and A C 
respectively meet LMN. 

Then PQ is the projection of AP on the given plane, 
and consequently the angle APQ is the angle required 
(Def. 13). But ^gP is a right angle (De£ S). Therefore 
APQ^m'-PAQ = 0. 
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Problem XXIV. Figs. 53 and 54. 

Oiven the traces of a plane and one of the projections of 
a point in the plane, to find the position of the point when the 
plane is rabatted on the horizontal plane. 

Let LMN be the given plane and p the horizontal pro- 
jection of the point ; it is required to find the position of P 
when LMN is turned about MN till it coincides with the 
horizontal plane. 

Construction, Draw the projections of any line contain- 
ing P and lying in LMN (in the figure the projections of 
the horizontal line PQ are drawn), and so determine p\ the 
vertical projection of P, 

Next, draw pR at right angles to MN, and make BP^ on 
the line produced equal to RP (Prob. IV.). 

Pj is the point required. 

Proof The line PR is at right angles to MN (Theor. 
xvili.) ; and as the plane LMN turns about MN, the line 
PR will remain at right angles to MN and take the position 
P,ff (Theor. ill. Cor. 2). 

But PR = P^R. 

Therefore P^ is the point required. 



Problem XXV. Figs. 53 and 54. 

Given the horizontal trace of a plane and the position of 
a point in the plane when it is rabatted on the horizontal; to 
find the projections of the point when the plane is raised into 
any given position. 

Let MN be the horizontal trace of the plane and Pj the 
position of the point when the plane rests on the horizontal ; 
it is required to find the projections of P when the plane is 
xabed to the position LMN. 
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Construction, Draw P^p at right angles to MN, and con- 
struct the right-angled triangle RPj[> having the hypotenuse 
JSP, equal to RP^t and the angle P^Rp equal to the inclina* 
tion of LMN to the horizontal (Prob. xix.). p is the hori- 
zontal projection required, and p\ at a distance from, the 
ground line equal to Pj), the vertical projection. 

Proof. When the plane LMN is turned about JOT, the 
point Pj will take such a position P, that PR will be at 
right angles to MN (Theor. ill. Cor. 2) ; also, since PR = P^R 
= PJEl, and the angle P^Rp = PRp, the triangle PpR will be 
equal to P^pR. 

Therefore p and p' are the points required. 



Problem XXVI. Figs. 55 and 66. 

From a given point to draw a line to make a given angle 
with a given line. 

Let A be the given point and BC the given line ; it is 
required to draw from A a line to make a given angle with 
£0. 

Construction, Find the traces iif and MN of the plane 
containing A, B, and C (Prob. X.). 

Let the plane LMN be rabatted on the horizontal plane, 
and find the position of the point P, viz. B^ (this is done in 
the figure by drawing iP^ at right angles to MN and making 
MBj^ equal to MB) and the position A^ of A (Prob. xxiv.). 
Join B^C, and from A^ draw AJ)^, making, the angle 

Next find the projections dd' of D^ when the plane 
LMN is raised to its former position (Prob. xxv.). 

AD is the line requii-ed. 

Proof. If the plane LMN were turned about MN till it 
coincided with the horizontal plane, it is evident from the 
construction that the three points Ay C and D would coin- 
cide respectively with A^, C and D^ (Prob. xxiv.). Therefore 
ADC = e. 
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Exercises. 

1. A and B are the horizontal and vertical traces 
respectively of a straight line ; a' and 6 the projections of 
^ and ^; ^a' = 2", a6=2J", J5J = 3^ Draw the projec- 
tions of AB, and determine its length. 

2. Mark the projections of four points, one in each 
of the dihedral angles contained by the planes of pro- 
jection, each point being 1" distant from the horizontal 
plane and 2" from the vertical plane. Find the traces and 
the length between the points of every line that can be 
drawn through two of them. 

3. The heights of two points A and B above the 
horizontal plane of projection are V and 2|" respectively, 
and aby which is 2" long, makes an angle of 60^ with ooy. 
Find the inclination of AB to each plane of projection and 
mark the projections of a point on it 2" from A. 

4. Represent a line 2" long in each of the following 
positions. 

(1) Horizontal and inclined at 30° to the vertical 
plane of projection. 

(2) Inclined at 30° to the horizontal plane, and its 
horizontal projection making an angle of 40° with xy. 

(3) Making an angle of 46° with the horizontal 
and an angle of 30° with the vertical plane of projection. 

5. The vertices of a triangle ABC are respectively 
1", 2|" and 3" above the horizontal plane of projection, and 
its plan is an equilateral triangle of 1^" side. 

(1) Find the horizontal traces of the sides of the 
triangle. 

(2) Find their inclinations to the horizontal plane. 

(3) Construct a triangle equal in all respects to ABC, 

(4) Find the projections of the centre of the circle 
passing through A, B and C. 
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6. Draw the plan of an equilateral triangle of 2'' side 
when its vertices are 1", 1 J" and 2i" respectively above the 
horizontal plane of projection. 

7. Draw the plan of an equilateral triangle of 2" side 
when two of its sides are inclined at angles of 30° and 45° 
respectively to the horizon. 

8. Two lines AB, AC, at right angles to one another, 
are inclined at angles of 40° and 30° respectively to the 
horizontal plane of projection. Draw their horizontal pro- 
jections, and their vertical projection on a plane containing 
AB. 

9. Find the horizontal trace of the plane of each pair 
of given lines in the last three exercises. 

10. Take xy making ah angle of 45° with ah of Ex. 5 
and determine the traces of the plane of the triangle ABG. 

11. Represent a plane in each of the following cases : — 

(1) Perpendicular to the two planes of projection. 

(2) Perpendicular to the vertical plane of projection 
and inclined at 50° to the horizontal. 

(3) Parallel to the ground line, and inclined at 50° 
to the horizontal 

12. The horizontal and vertical traces of a plane make 
angles of 40° and 50° respectively with xy; find a point 
in the plane 2" from each plane of projection, and draw 
a line passing through that point, lying in the plane, and 
inclined at 30° to the horizontal plane. 

13. Determine the real angle between the traces of the 
plane in the last exercise. 

14. The common section of two planes is 4" long be- 
tween its traces, is inclined 30° to the vertical plane of 
projection and 40° to the horizontal; the horizontal traces 
of the planes make angles of 70° with xy: draw both 
traces of each plane. Also draw a vertical plane making 
an angle of 45° with xy, and determine the angle con- 
tained by the lines in which it cuts the two former 
planes. 
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15. There are four lines AB, CD, EF, OH, parallel 
to a?y, they are 1", IJ", 2" and 2J" respectively above 
the horizontal plane of projection, and 3", 2f ', If" and 1" in 
front of the vertical plane of projection: determine the traces 
of the planes ABEF, CDQJS, and the projections of their 
common section. 

16. Through a point 2" above the horizontal plane of 
projection and 1" from the vertical plane, draw three planes 
perpendicular to one another, none of them being parallel to 
the ground line. 

17. There are two triangles LMO, MNO, on a common 
base MO ; 

LM= r, LO^ 2", MO = 3i", MN^ 2^", 0N= 4" ; 

LMy LO are the vertical traces and MN, NO the horizontal 
traces of two planes. 

(1) Find the inclinations of the two planes to the 
planes of projection and to one another. 

(2) Determine two planes bisecting the angles be- 
tween the given planes. 

18. Draw the traces of a plane inclined at 80® to 
the vertical plane of projection and 40° to the horizontal. 

19. In the plane of the preceding problem take a 
point 1" from each plane of projection and determine the 
traces of a plane passing through that point, inclined at 
60® to the former plane and cutting it in a line inclined to 
the horizontal at 30". 

20. A plane mirror is inclined at 40® to the horizontal 
plane of projection ; a ray of light passes through a point 
P before reflection and a point Q after reflection; pq, the 
horizontal projection of PQ, makes an angle of 60® with 
the horizontal trace of the plane of the mirror, and is cut 
by it in a point r, so that 

pr^r, rg=3"; Pp^2\", Qq = V: 

find the distance of the point of reflection from P and Q, and 
the angle of reflection. 



CHAPTER III. 

EXAMPLES OF THE PROJECTIONS OF PLANE AND SOLID 
FIGURES. SOLUTION OF THE SPHERICAL TRLA.NGLE. 

Definition 1. When three or more planes meet in one 
point only, they form at that point a solid angle. 

The lines of intersection of the planes are called edges, 
and the parts of the planes between the edges the sides or 
faces. 

Def. 2. A polyhedron is a solid figure contained by plane 
figures, which are called its faces. 

If it have four faces only it is called a tetrahedron ; if six, 
a hexahedron; if eight, an octahedron; if twelve, a dodeca- 
hedron ; if twenty, an icosahedron. 

The points of intersection of the edges of a polyhedron 
are called vertices; and the straight line joining any two 
vertices, not lying in the same face, is called a diagonal of 
the solid. 

Def. 3. A polyhedron is said to be regular when its faces 
are regular plane figures equal and similar to one another. 

There are only five regular polyhedrons ; those named in 
Def. 2. 

Def. 4. A pyramid is a polyhedron contained by a 
plane figure, called its base, and by three or more triangles 
meeting in a point without the plane of the base. This point 
is called the vertex of the pyramid. 

Def. 5. A prism is a polyhedron having any number of 
faces, two of which, called the bases, are equal and «.vH^\k»x^ 
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and 80 placed as to have their corresponding sides parallel, 
and the rest paraUelograms. 

Def. 6. Pyramids and prisms are called triangular, quad- 
rilateral, pentagonal, &c., according as the figures of their 
bases are triangles, quadrilaterals, pentagons, &c. 

Def. 7. The altitude or height of a pyramid is the per- 
pendicular distance from the vertex to the plane of the base : 
and the altitude of a prism is the perpendicular distance be- 
tween the planes of its bases. 

Def. 8. A regular pyramid is that which has a regular 
figure for its base, and the vertex on the normal to the base 
through the centre. That normal when it contains the vertex 
is called the aods of the pyramid. 

Def. 9. A regular prism, is that which has its bases 
regular figures. When the line joiuing the centres of the 
bases, called the axis, is perpendicular to them the prism is 
said to be right : any other is oblique. 

Def. 10. A para,llelopiped is a prism of which the bases 
are parallelograms. 

Def. 11. A rectangular parallelopiped is one which has 
its bases and the other faces all rectangles. 

Def. 12. A cube is a rectangular parallelopiped of which 
all the faces are squares. 

Problem I. Fig. 67. 

Draw the plan of a square of IJ" side when its plane is 
inclined at 45° and a side AB inclined at 36°. 

Draw Ad at right angles to a?y, and a*P making an angle 
of 45° with xy; AdP are the traces of a plane having the 
required inclination of 45° and perpendicular to the vertical 
plane of projection. 

Take any point P in the vertical trace of the plane and 
draw PQ making an angle of 36° with xy. Let the right- 
angled triangle i^ ^ be conceived to turn about the axis Pp^ 
as in Problem vii. Chap, ii., till the point Q comes to ^ in 
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the horizontal trace of the plane. A and P are the traces, 
and consequently Apy a'P the projections, of a line lying in 
the plane AaP and having an inclination of 36^ 

Now let the plane Aa^P be rabatted on the horizontal 
plane ; the line AP will obviously come into the position 
AP^. Make AB^=^1^' and on AB^ construct the square 
AB^GJ)^ which will be the rabatment of the square required. 
When the plane containing the square is raised to its former 
position the points 6/, c/, d/ come to V, d, d\ which are there- 
fore the vertical projections of A,B, G, three angular points 
of the square, and Abed is the plan required. 

It will be observed in this Problem how much the con- 
structions are simplified by taking the plane containing the 
figure perpendicular to the vertical plane of projection. 




76 DESCRIPTIVE GEOMETRY. 



Problem II. Fig. 68. 

The side of a regular hexagon is 1"; its plane is inclined 
at 50® ; and two adjacent angular points A and B are 0*4" 
and V respectively above the horizontal plane of projection. 
Draw its plan. 

As in Problem i. draw Ss'a', the traces of a plane inclined 
at 50° and perpendicular to the vertical plane of projection. 
Find the two points a and V on the vertical trace of the 
plane at a distance 0*4" and 1" respectively from xyi a\h' 
are the traces of two horizontal lines in the plane Ss'a . Now 
let the plane be rabatted on the horizontal plane and draw 
the two lines a^m and h^n parallel to /&'; these are the rabat- 
ments of the two horizontal lines through a and h\ 

Next draw A^B^ an inch long and having one extremity 
on each of the lines a^m and h^Wy on AJS^ construct the 
regular hexagon A^B^G^D^E^F^, 

Now let the plane be raised to its former position as in 
the last problem ; ahcdef is the plan of the hexagon. 

As a check on the accuracy of the construction it may be 
noticed that if any line of the hexagon AJBJJ^,,, be produced 
to meet 8s\ the horizontal trace of the plane, as A^B^ and 
E^F^y the projections ah and ef of these lines must meet Ss 
in the same points 8 and T respectively, for as the plane con- 
taining the regular hexagon turns about 8s as an axis every 
point in that line remains fixed. 
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Problem III. Fig. 69. 

Two adjacent sides, AB and AD, of a parallelogram are 
1" and 1 J" respectively and the contained angle 45^ Find 
the plan of the parallelogram when AB is inclined at 30® and 
AD inclined at 50\ Draw also an elevation on a vertical 
plane containing AB, and another on a plane making an 
angle of 80® mtii ab. 

Taking any ground line ay and any point A find by Pro- 
blem IX. Chap. II. the projections of two lines intersecting at 
A, containing an angle of 45®, and having inclinations of 30® 
and 50® respectively. AFis one of these lines, in the vertical 
plane of projection, and aE^, Ae^ the projections of the other. 
Set off on AF the distance AB^^l" and on AE, the first 
position of the second line, the distance -42)^=1 J", ah and 
ad (= ad^ are the horizontal projections of the two sides of the 
given parallelogram in the position required. The figure is 
completed by drawing he and cd parallel to ad and ah re- 
spectively. ABdd is the elevation on the plane containing 
AB. 

To find an elevation on a plane making an angle of 80® 
with ah. Draw x^y making an angle of 80® with ah for a 
new ground line, and draw aa*\ 66", cd*, ddl* at right angles to 
x^^y making the distances of a", V , c", d" from x^^ equal 
respectively to the distances of A, B, c\ d' from xy ; for these 
distances are the heights of A, B, C and D respectively above 
the horizontal plane of projection. a'h"c"d*' is the elevation 
required. 
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Problem IV. Fig. 60. 

Three consecutive angular points of a regular pentagon, 
A, B and C are 07", 1*2" and 0*9" respectively above the hori- 
zontal plane and the side of the pentagon is V\ Determine 
its horizontal projection. 

Draw a line Eb at right angles to the ground line ; and 
set off on it 6m, 6n, hB, equal respectively to 0'7", 0*9'' and 
1*2", the heights of the three points. Draw the horizontal 
lines mA, nC, and from B describe an arc of a circle with 1" 
radius cutting them at A^ and (7. Join BA^ and BC and 
produce the lines to meet xy at F and 0, Then BFb^BA^m 
and BGb = BCn are the inclinations of the two sides of the 
pentagon meeting at B. From the inclinations of the two 
lines and the contained angle, i.e. 108®, find their projections 
bG, &i^^......(Prob. IX. Ch. ii.). 

GF^ is obviously the trace of the plane containing the 
two sides of the pentagon BA and BG. Let the plane be 
rabatted about GF^ as in Prob. xxiv. Ch. n. 

The point B comes to JB^, A to -4^, and C to Cj. The 
pentagon being now constructed on the horizontal plane, the 
plane containing the figure may be returned to its former 
position and the projections of J)^ and F^^ found as in Prob. 

XXV. 

Remarks, The points e and d are found conveniently in 
this case by observing that A E^ and ae meet GF^ at the same 
point which is the horizontal trace of AF ; and so of C^D 
and cd ; but as the perpendicular from JD^ on GF cuts cd 
rather obliquely for accurately determining d, the diagonal bd 
has been drawn. 

In every problem there are generally several ways of de- 
termining points, and it is for the student to choose that 
which is the most simple and accurate. The different me- 
thods serve as checks on one another, and it is well to 
observe these. For instance in this Problem BG = B^G, 
BF=B^F^ and the angle GB^F^ should be 108"; also 5, 
should be on the perpendicular from b on GF, 
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Problem V. Fig. 61. 

Fiiid the horizontal projection of a circle of 2" diameter 
when its plane is inclined at 50\ 

Draw the traces LMN of a plane inclined at 50*, and 
taking a point cc' in that plane as the centre of the circle 
draw ah through c parallel to MN, and make a^, he each 
equal to the radius of the circle. 

Now suppose the circle to revolve about the horizontal 
diameter AB till it is parallel to the horizontal plane ; its 
vertical projection is the straight line d^e' and its horizontal 
projection the circle adj)e^... Theor. XV. Cor. 1. 

Take any number of points d^d/, e^e' ff\ &c., in the 
projection of the circle in this position, ana let it be returned 
to its former position by revolving about AB; the points 
d/,//, &c., come to d',f\ &c., and their horizontal projections, 
lying on the lines d^c, fr, &c. perpendicular to ab, are d, /, 
g, e, &c. The curve traced through these points is the pro- 
jection required. 

In the figure od'c\ d!d : oc : : fd :pc' \\ g'c : qc' ; 
that is, dj:^ : dc : :f^r :fr : : g^s : gs. 

But this is the well-known relation of an ellipse to its 
auxiliary circle; hence — 

If the plane of a circle he inclined to any other plane its 
projection on that plane shall he an ellipse of which the major 
aocis shall be the projection of the diameter of the circle paral- 
lel to the plane, and therefore equal to it, and the minor axis 
the projection of the diameter of the circle at right angles to 
. the former one, being that diamster which has the greatest 
inclination to the given plane. 
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Problem VI. Figs. 62, 63, 64. 

The side of the base of a regular hexagonal pyramid is f" 
and its height 2", Draw its projections in the following posi- 
tions: — 

(1) When standing with its base on the horizontal 
plane, and one side of the base at right angles to the ground line. 

(2) When resting on one edge of the base so that the 
a^s is inclined at 45", the ground line being at right angles 
to the edge on which it rests. 

(3) When resting with one of the triangular faces on 
the horizontal plane, and the aads parallel to the vertical plane. 

In the last position show a section by a vertical plane 
tvhich cuts the aads at its middle point and makes an angle 
of 60® with the vertical plane of projection. 

1st position. Draw the regular hexagon ABCDEF with 
a side of J" in such a position that a side BC is at right 
angles to xy) and join v, the centre, with each of the angular 
points; this is the plan of the pjrramid. Draw vv at right 
angles to xy, and make aV = 2"; join v with V and /': this 
is the elevation required. 

2nd position. To obtain the projections of the pyramid 
in the second position either of two methods may be used. 
The horizontal plane of projection may be supposed to change 
its position while the pyramid remains fixed; or the planes of 
projection remaining as before the position of the solid may 
be changed relatively to them. The former is generally the 
shortest method, but to prevent confusion of the figures the 
latter has been adopted in this case. The pyramid is sup- 
posed to move along the horizontal plane, each point moving 
parallel to the vertical plane, and then to be turned about EF 
till th« axis makes an angle of 45® with the horizontal plane, 
that is till aV, its projection, makes 45° with xy, the axis 
being parallel to the vertical plane. The remainder of the 
construction will be evident from the figure. 

3rd positicm. . This construction is similar to that used 
for the 2nd position, the pyramid being turned about EF till 
the face ^i^T coincides with the horizontal plane. 

Section. LMN is the cutting plane. The way in which 
the vertical projection of the section is obtained will be evi- 
dent from the figure. 
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Problem VII. Fig. 65. 

Draw the projections of a ciihe of 1 J" edge when resting 
with one edge on the horizontal plane, that edge making an 
angle ofSO^ with the ground line, and a plane containing it 
inclinm at 40^. 

There are two distinct steps in this problem. First draw 
the square cdh'c'd' having one side a'6' making an angle of 
40* with ayy\ this is the elevation of a cube having one face 
parallel to the vertical plane and a face at right angles to the 
former one inclined at 40®. Next draw the plan as in the 
figure, the edge he and those parallel to it being equal to the 
edge of the cube since they are parallel to the horizontal 
plane. 

The further condition of the problem is obtained by 
drawing a new ground line x^y^ making an angle of 30* with 
the edge on which the cube rests, and drawing the elevation 
a"U'c' &c.... by making the distance of each point from the 
ground line equal to its height above the horizontal plane of 
projection. These heights are found from the elevation 
a!l>cd\ 
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Problem VIII. Fig. 66. 

Draw the projections of a regular octahedron ofV edge in 
the following positions : — 

(1) Plan and elevation when a diagonal is fertical, 
and the vertical plane of projection parallel to one of Ike hori- 
zontal edges, 

(2) Plan, when one of its faces is horizontal., 

A regular octahedron has eight equal faces wtich are 
equilateral triangles; but perhaps the easiest way to realize 
its form to the mind is to conceive it as made up of two 
pyramids having a common base, which is a square, aad the 
tiiangular faces equilateral. 

When a diagonal is vertical the plan of the octahelron is 
the same as that of a square pyramid whose axis is vecical. 

(1) Draw the square bcde having a side of 1', and 
the two diagonals bd and ec; that is the plan of the octahe- 
dron in the required position. 

To find the elevation, draw aa at right angles to an/, aid 
make /'a' equal to bd — all diagonals of the solid being equal— 
bisect fa\ and draw 6V at right angles to it through tie 
point of bisection, to meet be and cd produced: a'b'ej is tie 
vertical projection required. 

(2) When one of its faces is horizontal the verticil 
projection of that face is a straight line parallel to the grouii 
line. Draw, then, x^y^ parallel to bf for a new ground lin^, 
and find the projection a'b"c"f'd"e\ by making the distance 
of these points froni x^y^ equal respectively to the distance 
of abcfde from ooy; these being the actual distances c^ 
ABCFDE from the vertical plane of projection which is th< 
same for both plans. It may be observed that this construe 
tion is equivalent to turning the solid about any horizontal 
line perpendicular to the vertical plane till the face BEl 
is horizontal. 
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Problem IX. Fig. 67. 

The hose ABC of a regular tetrahedron is inclined at 50^, 
and the edge AB of the ba^e at 30*. Draw its plan ; and an 
elevation on a plane parallel to AB. Edge = 1 J". 

» 

Tlie tetrahedron is a pyramid of which the base and the 
other three faces are equilateral triangles. 

Draw the projections Ahc, a'b'c\ of an equilateral triangle 
whose plane is inclined at 50° and the side AB sX 30*^, as 
in Prob. I. Through the centre of ABC draw a line per- 
pendicular to its plane and equal to the height of the te- 
trahedron. That height is equal to one side of a right- 
angled triangle of which Ad^ is the base, and an edge of the 
solid, as Ab^y the hypotenuse; it is parallel to the vertical 
plane and is equal to its projection, ea. This gives dd' which 
is -the fourth vertex of the tetrahedron. The rest of the 
construction is evident from the figure, d'll'd'd" is the 
required elevation. 
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Problem X. Fig. 68. 



The extremities of the edge of a cube are 1" and 1^' 
respectively above the horizontal plane, and a face containing 
that edge is inclined at 45^ Draw the plan of the cube. 
Edge = 1-2" . 

Find, as in Problem ii., the projections ahcd, ab'c'd' of a 
square of 1*2" side whose plane is inclined at 45°, and the 
points A and J5, IJ" and 1" respectively above the horizontal 
plane, abed is the plan of one face of the cube. Through aa 
draw a line AE perpendicular to LMN, the plane of abcdy by 
Prob. XV. Ch. ii., and make it equal to the edge of the cube; 
ae is the horizontal projection of that line. In a similar way 
are found /, g and A, the projections of the other angular 
points of the cube. 
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Problem XI. Pi^. 69. 

An octahedron of 1'5" edge has two of its diagonals in- 
clined at 30^ and 50^ respectively. Draw its plan. 

Find the projections of two lines oP and oQ^ at right 
angles to one another, and having the required inclinations 
of 30^ and 50° respectively by Prob. ix. Ch. IL Next find 
the projections a and b of two points on those lines, whose 
distance from is equal to half the diagonal of a square of 
1*5" side. Produce ao to c making oc = oa, and bo to d 
making od ^ob, 

abed is the projection of a square of 1*5" side, and having 
its diagonals inclined at 30* and 50® respectively. 

Draw the projections of a line passing through and 
perpendicular to the plane of abed, that is to the plane OPQ^. 
Prob. XV. Chap. il. 

oTy Oi are the projections of the line. 

Find the projections e and / of two points on that line 
whose distance from is equal to half the diagonal of the 
square A BCD.... Prob. V. Chap. ii. 

abcdefia the plan of the octahedron. 
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Problem XII. Fig. 70. 

The base of a rectangular parallelopiped is a square of V 
side^ and its length is 2". Draw its plan, when three consecu- 
tive angular points of the base A, B, G are '3", '75" and 1*25" 
7'espectively above the horizontal plane. 

Draw the horizontal lines mA^ and nB at the distances 
•3" and '75" respectively from xy\ and make c(7= l'2o". Make 
GB = 1", the side of the square ; and GA^ =?= diagonal of the 
square. Next find the horizontal projections of the two lines 
GA^ and GB when they have the inclinations GA^ and GBuy 
and the angle between them, BGA^ = 45^ ca and cb are 
these projections; and the parallelogram abed is the projec- 
tion of the square end of the solid, 

Through the point G draw a line perpendicular to the 
plane of ABGB, and find a point on it 2" from (7.... Probs. XV. 
and V. Chap. Ii. 

eg is the projection of that line, which is one of the edges 
of the parallelopiped. 

oe, bf dh are equal and parallel to cy, and abcdefgh is 
the projection required. 
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The Trihedral Angle. 

In a trihedral angle there are three plane angles or fa/^s 
and three dihedral angles. When any three of these six 
parts are known the other three may be determined. There 
are therefore six dififierent cases. Let the three dihedral 
angles be denoted by A^ By G\ and the plane angles respec- 
tively opposite to them by or, yS, 7. 

The data of the six cases are : 

(1) a, A 7; (4) ^,5, C; 

(2) a, A (7; (5) .4,J5,7; 

That is, (1) the three faces; (2) two faces and their inclina- 
tion to one another; (3) two faces and the dihedral angle 
opposite to one of them; (4) the three dihedral angles; (5) a 
face and two adjacent dihedral angles ; (6) two dihedral 
angles and the face opposite one of them. It will after- 
wards be shown that the last three cases may be reduced to 
the first three. 

Problem I. Figs. 71 and 72. 

Qiven the three faces of a trihedral angle, to find the three 
dihedral angles. 

Let the three angles a, ^ and 7 be constructed as in fig. 
72 on the same plane, which for convenience may be sup- 
posed horizontal; and let the points P^ and P^ be at equal 
distances from S. 

Now if the triangles SPf^ and SPJt were made to re- 
volve about 8Q and 8R respectively till the two lines SP,, 
/SPg coincided, it is evident a trihedral angle would be formed 
having the three given faces. 

But as the triangle SPJi revolves about SQ the locus of 
the projection of the point P^ is PJ^ at right angles to SQ, 

Similarly the locus of the projection of P^ is PJS" at right 
angles to SN\ and as 8P^ = SP^y the points P^ and P^ must 
meet at P when the lines coincide. 

Therefore p is the projection of a point on the third edge 
of the solid angle; and Sp the projection of that edge. 
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The angle C is the angle contained by the two lines PM 
and Mp ; so that to find C it is only necessary to construct 
the right-angled triangle P^Mp, having the hypotenuse 
MP^=^MP, = MP, 

The angle A is found similariy by constructing the right- 
angled triangle PJf'p, having P^N= NP^ = NP. 

The angle B is the angle contained hy PQ and PR, 
which are at right angles to PS. But these two lines are 
equal respectively io P^Q and P^R, at right angles to 8P^ 
and 8P^, 

Let the triangle QP^R be constructed having the side 
QP, = QP^ and RP, = RP^. 

The angle QPJS. = B. 

It is obvious that pPji=pP4', also when the triangle QP^R 
is constructed P^ should be on the line 8p. 

Problem II. Fig. 73. 

Given two faces of a trihedral angle and the diltedral angle 
ccmtained by them, to find the third face and the other dihedral 
angles. 

Let a and )8 be the two given faces and (7 their inclination 
to one another; it is required to find y, A and J5. 

Having laid down the two angles a and yS as in the last 
problem, from the point P^ draw Pjp at right angles to 8M, 
and at the point M make the angle pMP^ = the given angle 
(7; also make MP^ = MP^, and from P, draw Pj) at right 
angles to Mp. 

Sp is the projection of the third edge of the solid angle; 
for p is the projection of the point P in the line SP when the 
two faces are inclined to one another at the angle G. 

To find the third face; draw pN at right angles to SN, 
and from the centre 8 describe a circle with the radius /SP,, 
cutting PN produced in the point Pg. NSP^ is then the 
rabatraent of the angle whose projection is NSp: therefore 
N8P, = y. 

A and B may now be found as in. the last problem. 
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Problem III. Fig. 74. 

Given two faces of a trihedral angle and the dihedral 
angle opposite one of them, to find the third face and the other 
two angles. 

Let a and 13 be the two give^ faces and A the given 
dihedral angle. 

Having drawn the angles a and ^ in the horizontal plane, 
take a vertical plane at right angles to their common arm 
SM; that is, take P^Fskt right angles to fi'ilf for a ground line. 
Now SF being the horizontal trace of a plane, find the verti- 
cal trace of the plane when it is inclined at the angle A. 
That is draw eD at right angles to SF, make eD^ = eD, and 
the angle eD^E=A. 8FS is a plane inclined at the angle 
A to the horizontal face ff, (See Prob. xix. Chap, ii.) 

If the face a revolve about 8 M till 8P^ lies in the plane 
SFE, it is evident a trihedral angle would be formed having 
the faces a and ff and the angle A. 

But as the triangle 8MP^ revolves about 8My P^ describes 
a circle on the vertical plane, since it is at right angles to 
8M. Therefore the point P where that circle meets FE is 
the vertical trace of the third edge of the trihedral angle. 

8p is the horizontal projection of that edge; and P, is 
found as in the last problem. P^N=y, 

As the circle PJPQ cuts FE in two points there are two 
solutions to the problem ; that is, two trihedral angles may 
be formed from the given data. In the second case Q^8F is 
the third face. 

If the circle touched EF there would be but one solution, 

and if the line and circle did not intersect the solution would 

be impossible — no trihedral angle could be formed from the 

given data. This problem corresponds with what is known 

as the awbiguous case in the solution of plane triangles. 
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Theorem. Fig. 75. 

If from any point P within the trihedral angle fi>, perpen- 
dicviars Pp, Pq, Pt are drawn to the faces, a trihedral angle 
is formed at P such that its faces are the supplements of the 
dihedral angles of S and its dihedral angles the supplements 
of the faces of 8. 

Proof The plane PpNt which contsdns the perpendicu- 
lars Pp and Pt is perpendicular to the two faces which 
intersect in /S^...(Theor. iv.); and therefore at right angles 
tOiSfJV^...(Theor. VI,). 

Therefore the dihedral angle between the two faces whose 
common section is SN is measured by the angle pNt^ But 
in the quadrilateral PpNt, the angles at p and t are right 
angles ; therefore pPt and pNt are supplementary. 

In .the same way it may be proved that the dihedral 
angles at Jf and B are the supplements of the angles pPq 
and tPq, respectively. 

Again, as the edges SN, SM, SR are respectively perpen- 
dicular to the three faces of the trihedral angles at P, from 
what has just been proved the dihedral angles of P are the 
supplements of the faces of 8. 

The angles 8 and P are called supplementary. 

By means of the principle established in this Theorem 
the last three cases of the solution of the trihedral angle may 
be reduced to the first three. When the three angles A, B 
and Care given, 180 — -4, 180 — 5, 180 — C are the faces of 
the supplementary angle. Having found as in the first case 
the inclinations of the faces of this supplementary angle 
which may be called A\ B, C\ then 180-^', 180-^, 
180 — Care the faces of the trihedral angle whose inclinations 
are -4, B and C 

Similarly, the fifth case resolves itself into the second and 
the sixth into the third. 
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Exercises, 

1. Draw the plan of a square of 1 J" side in each of the 
following positions; also an elevation on a plane parallel to 
one of the diagonals : — 

(1) The plane of the square inclined at 50^ and one 
of the sides at 30*. 

(2) One side incliiaed at 40° and another at 30°. 

(3) Three consecutive angular points 1", \\" and If" 
respectively above the horizontal plane. 

2. The side of a regular pentagon ABCDE is 1"; the 
heights of the three points A, C, I) are 1", 1\" and 2" re- 
spectively above the horizontal plane: draw its plan, and an 
elevation on a plane parallel to UD. 

3. The three sides of a triangle ABC are, AB = 2'\ 
BG = 2f, J (7 =3"; the inclinations of AB and AG to the 
horizontal are 40® and 30° respectively : draw the plan of the 
circle passing through the three points A, B, C, and its eleva- 
tion on a plane parallel to AB. 

4. The plane of a circle of 2" radius is inclined 60° to the 
horizontal and 45° to the vertical plane of projection; the 
centre of the circle being 3" from each plane of projection: 
draw the plan and elevation of the circle. 

5. Draw the plan and elevation of a regular pyramid 
with a square base in the following positions — side of square 
2", altitude 3' — 

(1) Resting with base on the horizontal plane and 
one edge of the base making an angle of 30® with xy. 

(2) Resting on one edge of the base, with its axis 
parallel to the vertical plane of projection and inclined at 60° 
to the borizontal plane. 
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(3) The axis inclined at 60" to the horizontal and its 
horizontal projection making an angle of 30" with xy. 

(4) Resting with one of the triangular faces on the 
horizontal plane and the horizontal projection of the axis 
making an angle of 30" with xy. 

In each of these positions show the projections of a section 
by a plane which cuts three consecutive edges at distances of 
1", l|" and If" respectively from the vertex. Also show the 
true form of the section. 

6. Find the projection of a cube of 2" edge, — 

(1) On a plane inclined at 40" to one of the faces, 
and at 30" to a diagonal of that face. 

(2) On a plane perpendicular to one of the diagonals 
of the cube. 

7. Draw a plan and elevation of a regular tetrahedron, 
of 2" edge, when three angular points are 1", IJ" and 2J", 
respectively, above the horizontal plane of projection. 

8. One diagonal of an octahedron of 2" edge is inclined 
at 30" and an adjacent edge is inclined at 45" : draw its plan 
and an elevation on a plane not parallel to any edge of the 
solid. 

9. Show the true form of the section of the octahedron 
in the last exercise by a plane parallel to one of the faces 
and one inch distant from that face. 

10. The side of the base of a regular hexagonal prism is 
1^" and its axis is 3" : draw its plan and elevation when the 
axis is inclined at 30" to the horizontal plane and 45" to the 
vertical plane of projection, one edge of the base being in the 
horizontal plane. 



CHAPTER IV. 



CURVED SURFACES AND TANGENT PLANES. 



A SURFACE is generated by the motion of a line. That 
line is called the generator of the surface ; it may be straight 
or curved, and its form and magnitude constant or variable. 
To determine the surface it is necessary to know the fomi 
and magnitude of its generator in every position and the 
laws which regulate its motion. 

The generator may be guided or directed in its motion by 
lines fixed in magnitude and position, which are called the 
directrices; or it may revolve about a fixed axis. In the 
latter case the surface generated is called a surface of revolu- 
tion. 

This may be illustrated by the case of the plane. It may 
be generated by a straight line which moves so as to inter- 
sect two fixed lines either intersecting or parallel ; or which 
moves along one straight line so as to be always parallel to 
another fixed line; or it may be generated by a straight line 
which revolves about a -fixed axis at right angles to it. 

A surface which can be generated by a straight line is 
called a ruled surface* 

Ruled surfaces are divided into two classes, developable 
surfaces and skew surfaces, 

A developable surface is one which being supposed flexi- 
ble but inextensible can be unfolded into a plane without 
tearing or crumpling. 
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Those surfaces which are the most important from a 
practical point of view belong either to ruled surfaces or sur- 
faces of revolution. 



Tangent Planes. 

In the curve AB^B (fig. 76), let any straight line AB be 
drawn cutting the curve in two points. If that line be con- 



Fi^. 26* 




ceived to turn about the point A, the other point of intersec- 
tion will approach -4, and there is a certain position which 
the line approaches as the two points come closer to one 
another, which it reaches when the two points coincide. 
The straight line in this position is called a tangent to the 
curve. 

If a curve be traced on a surface through any point on it, 
the tangent to the curve at that point is said to be a tangent 
to the surface. 
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Theorem I. 



The tangents to a surface at any point are all in the same 
plane. 

Let A (fig. 77) be a point on a curved surface; BLC, 
DAE two positions of the generator near to one another; 



ABy AG any two curves whatever traced on the surface, 
through A, and meeting the generator BLC at B and G 
respectively. 

The three straight lines AB^ AG, BG are in the same 
plane however near BLG may be to DAE, and must there- 
fore be in the same plane in the limit when BLG coincides 
with DAE, But when BLG coincides with DE, the points 
B and G coincide with A^ and the three straight lines be- 
come the tangents AH, AF and AK, to the three curves 
through A, Therefore these three tangents are in the same 
plane. 

In a similar manner it may be shown that any other 
curve on the surface passing through A has its tangent in 
the plane of AF, AH. 

The plane which contains all the tangents to a surface at 
any point is called a tangent plane to the surface at that 
point. It is determined by finding the plane containing any 
two of these tangents. 

In a ruled surface one of the lines which can be traced 
on it is straight, and therefore coincides with its tangent. 
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Hence a tangent plane to a ruled surface at any point con- 
tains the straight generator passing through that point. 

The normal to a surface at any point is the line perpen- 
dicular to the tangent plane at that point. 

The outline or boundary of the projection of a surface 
is the projection of the line containing all the points of 
contact of the tangent planes to the surface which are at 
right angles to the plane of projection. 



The Cone. 

A conical surface is generated by a straight line which 
passes through a fixed point and moves along a fixed line. 

The fixed point of the generator is called the vertex 
of the cone and the fixed line the directrix. 

It is evident that any line traced on a given conical 
surface might serve as its directrix. Following the definition 
a cone would be determined by the projections of its vertex 
and directrix; but for convenience the horizontal trace of 
the surface will be taken for the directrix. If any other 
directrix were given the horizontal trace of the surface 
could be found by determining the horizontal traces of the 
generator in diflferent positions. The horizontal trace will 
be called the base of the cone. 

When the generator is unlimited in length part of the 
surface lies on each side of the vertex. These are called 
the two sheets of the conical surface. 

The Cone of revolution, called also a right circular cone, 
is generated by a straight line which revolves about a fixed 
axis that it intersects, and with which it makes a constant 
angle. A right-angled triangle revolving about one of its 
sides fulfils these conditions, and is the common way of 
defining this surface. 

Every point of the generator describes a circle having 
its plane perpendicular to the axis, which passes tktci>\<^\^s. 
centre. 
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Problem I. Fig. 78. 

Given one projection of a point on a cone, to determine the 
other projection. 

Let W be the projections of the vertex of the cone, 
ABCD its horizontal trace, and p the projection of a point 
on the surface ; it is required to find the other projection 
of P. 

Construction. Draw vp, the horizontal projection of the 
generator through P, meeting the horizontal trace of the 
cone at P, and draw f'v the vertical projection of the 
generator VF. p' on the line /V is the vertical projection 
required. 

When the horizontal trace of the surface is a closed 
curve as in the figure there are two solutions; for the line 
vp meets ABGD in a second point E, so that the projections 
of the two generators VE and VF pass through p. There- 
fore the vertical line through p meets the auiface in two 
points. 

Theorem II. Fig, 79. 

The tangent plane to a cone at any point is a tangent 
at every point of the generator passing through that point 

Let B and C be any two points on the same generator ; 
it is required to show that the tangent plane to the surface 
at B is also a tangent at (7. 

Proof Let BD and CE be two curves traced on the 
surface and meeting a generator VD in the points D and E, 

Since VB and VD are in the same plane, so also are 
BD and CE^ the secants of the arcs ; and as this is true 
however near VD be taken to VB, it must be true in 
the limit when the two generators coincide. That is, the 
tangents BF and GO to the two curves are in the same 
plane. 

But the plane containing VB and BF is the tangent to 
the surface at B ; and the plane containing VB and CG is 
the tangent plane at G, 

Therefore the plane which is a tangent at B is also a 
iojigeni at C. 
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Problem II. Fig. 80. 

To draw a tangent plane to a cone through a given point 
in the surface. 

Let w' be the projections of the vertex of the cone, ABC 
its horizontal trace, and pp' the projections of a point on the 
surface; it is required to find the traces of the tangent plane 
at the point P. 

Construction. Draw vG and vV the projections of the 
generator through P. Draw CM a tangent to the curve 
ABC; this is the horizontal trace of the plane required. 

Next determine the vertical trace of the plane contain- 
ing CM and CV — ^which may be done either by finding the 
vertical trace of CV, or drawing VN parallel to CM, as 
shown in the figure. CMN is the plane required. 

Proof. Since the plane GMN" contains the tangent to 
the curve ABC at the point G, and the generator CV, it is a 
tangent plane to the cone; and it contains P, which is in the 
line CV, It is therefore the tangent plane required. 
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Problem III. Fig. 81. 

To draw a tangent plane to a cone through a given ex- 
ternal point 

Let m' be the projections of the vertex, ABC the hori- 
zontal trace of the cone, and pp' the given point ; it is 
required to draw through P a tangent plane to the cone. 

Construction. Find the traces Z and JV of the line VP ; 
draw LM a tangent to ABCy and join MN. LMN is the 
plane required. 

Proof, Since the plane contains the line LN it passes 
through the points Pand V which are on that line; and as 
it contains LM, the tangent to ABC at i), and therefore the 
line VD, it is a tangent plane to the cone. 

BemarJcs, Should the vertical trace of PV be too remote, 
a point in the vertical trace of the plane may be found as in 
the last problem by drawing a line through V parallel to 
LM, 

As a second tangent to ABC may be drawn from L, this 
problem admits of two solutions. 
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Problem IV. Fig. 82. 

To draw a tangent plane to a cone which shall he parallel 
to a given straight line. 

It is required to draw a tangent plane to the cone VABG 
which shall be parallel to PQ, 

Construction. Find the traces of a line through V and 
parallel to PQ. These are L and JV". Draw LM touching 
ABG and join MN'. LMN is the plane required. 

Proof, Since LMN contains VN, a line parallel to PQ, 
LMN and PQ are parallel to one another (Theor. x. Ch. i.), 
and as LMN contains the line VD and the tangent to ABC 
at the point D it is a tangent plane to the cone. 

Remark, It may be observed that when a tangent plane 
touches a surface along a line it can only be made to fulfil 
one other independent condition, such as passing through a 
given point, or being parallel to a given line. Thus a plane 
cannot generally be drawn to touch a cone and to contain a 
given line, for that would be equivalent to drawing a plane 
to contain two given lines, which is impossible except the 
lines are either intersecting or parallel. 
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Problem V. Fig. 83. 

To find the tracea of a plane which shall contain a given 
line and have a given inclination. 

Let AB be the given line and the given angle; it is 
required to draw the traces of a plane containing A3 and 
having an inclination to the horizontal plane. 

Construction, Take vv' the projections of any point on 
AB, Draw vc making the angle with tcy. Now suppose 
VC to revolve about Vv, generating a right circular cone the 
trace of which is the circle CD. Draw that circle, and from 
B, the horizontal trace of AB, draw BE a tangent to i; at 
the point D. BEA is the plane required. 

Proof. The plane BEA contains the line AB^ since it 
contains the traces A and B, As it contains the vertex V 
of the cone, its inclination is the angle between VD and vD. 
(Prob. XIX. Ch. ii.) 

But the angle VDv =^ by construction. 

Therefore BEA is the plane required. 

As two tangents to the circle may be drawn from B there 
are two solutions to this problem. 

Corollary. The angle between a tangent plane to a cone 
of revolution and a plane at right angles to its axis is equal 
to the angle contained by the hypotenuse and base of the 
right-angled triangle which generates the cone. 
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Problem VI. Fig. 84. 

To find the traces of a plane which shall contain a given 
line and make a given angle vrith a given plane. 

Let LMN be the given plane and AB the given line; it 
is required to find the traces of a plane containing AB and 
making an angle d with LMN. 

The method of solving this problem is suggested by the 
corollary to the preceding one. For if a cone of revolution 
be conceived, having its vertex in the given line, its axis 
perpendicular to the given plane, and its generators making 
an angle 6 with that plane, then the tangent plane to the 
cone which should also contain the given line would be the 
plane required. Hence the following : — 

Construction. Through any point A of the given line 
draw a vertical plane DEL at right angles to the given 
plane. Let BEL be turned into the vertical plane of pro- 
jection, bringing with it the point A and the line of intersec- 
tion L>L, these are now A^ and D^L. From -4^ draw Afi^ 
at right angles to BJj, and A^H^ making an angle with 
L>^L. G^H^ is the radius of the circular trace of the cone 
with LMN. Now the line LD^ being returned to its origi- 
nal position, and the plane LMN rabatted on the horizontal, 
the point comes to (?j, and If to H^. This rabatment is most 
easily eflFected by producing ED and making DG^ equal to 
Z)j(?j, and Dij equal to D^L. With centre G^ and radius 
(JgiTj describe the circle H^O, which is the rabatment of 
the trace of the cone with LMN Next find the point of 
intersection of AB with LMN and its rabatment P^, and 
draw P^C a tangent to the circle. NQ is the rabatment of 
the line of intersection of the required plane with LMN. 

NBQ^, which contains the two intersecting lines AB and 
NQ^, is the plane required. The second tangent to the circle 
gives a second plane whose traces are STU. 

If the given line and plane were parallel to one another, 
the line of intersection of the tangent plane to the cone with 
LMN, that is the line NQ^ in the figure, would be parallel to 
the given line. (Theor. xi. Ch. i.) 
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Problem VIL Figs. 85, 86 and 87. 

To find the section of a cone of revolution hy a plane. 

First case, Fig. 85. Let ABC, a'Vv be the projections 
of a cone of revolution, and LMN the traces of a plane whidi 
cuts all the generators, but not at right angles to the axis; it 
is required to find (1; the projections of the curve of inter- 
section of the plane with the cone, and (2) the true form of 
that section. 

Construction. The horizontal plane is taken at right 
angles to the axis of the cone, and the vertical plane at right 
angles to LMN. The vertical projection of the required 
curve is therefore the straight line o'iV. 

To find the horizontal projection of any point P of the 
curve, when the vertical projection ^ is known; draw, as in 
Prob. I., the vertical projection vp of the generator through 
P, and determine the horizontal projection JDv of that 
generator; the point p on Dv is the horizontal projection 
required. 

In the same way any number of points on the horizontal 
projection of the curve may be found and the curve traced 
through them. 

This method fails for the point q, which is best deter- 
mined by drawing the horizontal projection of the circle de- 
scribed by the point Q as it revolves about the axis; gV is 
the radius of that circle ; therefore the point q is on the 
circle described about v with the radius vr. 

Next, to find the true form of the section, the plane LMN 
is rabatted on the horizontal plane of projection, which de- 
termines the curve N^Qj^P^O^S^. That curve is an eUipse. 

The curve opn is also in general an ellipse, though it may 
be a circle. 
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Second case, Fig. 86. Let the cutting plane LMN be 
parallel to one generator, and one only. In the figure it is 
parallel to -4 F, 

The method of determining the curve is the same as in 
the first case, and is evident from the figure. The curve 
ONJj is a parabola — OnL is also a parabola. 
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Third case, Fig. 87. Let the cutting plane LMN be 
parallel to two generators -DJ^and FO, or, what comes to the 
same thing, let it cut both sheets of the conical surface. The 
curve of intersection has then two branches. That curve is 
the hyperbola. 

The horizontal projection of the curve might be found as 
in the other two cases, but as the straight generators cut 
LMN so obliquely a better solution is obtained by taking a 
series of horizontal circles on the cone. The rest of the con- 
struction will be evident from the figure. The curve is for 
convenience rabatted on the vertical plane. 

The tangent to the plane section of a curved surface at 
any point is the line of intersection of the cutting plane and 
the tangent plane at that point. The tangent to any of 
these conic sections at a given point may be readily obtained 
in that way. 

The asymptotes of the hyperbola, that it is to say the 
tangents at points infinitely distant, when the conical surface 
is extended indefinitely, are the lines of intersection of LMN 
with the tangent planes along BE and FQ ; LP, QR are the 
projections of the asymptotes, and Lfi^^ O^Q^ their rabat- 
ments. 

The general problem of finding the section of any conical 
surface by a given plane is solved by finding the points of 
intersection of a sufficient number of straight lines, which 
are the generators, with the given plane, by Prob. xiv. Chap. ii. 

The ellipse diminishes in size as the cutting plane ap- 
proaches the vertex, and its limit is a point. The limit of 
the hyperbola is a pair of straight lines intersecting at thi; 
vertex; the limit of the parabola is a straight line. 
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Problem VIII. Fig. 88. 

To find the development of a given conical surface. 

As a curved line may be considered as the limit of a 
polygon, when the number of its sides is increased indefi- 
nitely, so a cone may be considered as the limit of a pyramid 
when the number of its faces is increased indefinitely. 

Let VABCDE, fig. 89, be a conical surface, and suppose 
the triangle Fil5 to turn about F^till VAB and FBCare 
in the same plane, and then these two faces together to turn 
about VD till the three triangles are in the same plane. By 
proceeding in this way and the points A, B, &c, being taken 
sufficiently near one another, the polygon obtained when all 
the triangles are brought into the same plane may be made 
to approach indefinitely near to the true development of the 
curved surface. 

In a right circular cone the development is a sector of a 
circle, for the lines VA, VB, &c. are all equal to one another. 

Fig. 88 is the development of the cone in fig. 85, and the 
curve OPQN is the development of the ellipse. The cone is 
supposed to be divided along ,the line A F, and the points 
0, P, Q are found by setting ofiP on VA, VD, VG of the de- 
velopment the distances of the same points from the vertex 
of the cone. 



The Cylinder. 

A cylindrical surface is generated by a straight line which 
moves so as to be always parallel to a fixed line. 

A cylinder is completely defined when the direction of 
one of its generators and the directrix are given. 

A cylinder of revolution is generated by a straight line 
revolving about an axis parallel to it, EiN^rj ^int of the 
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revolving line describes a circle whose plane is at right angles 
to the axis, hence it is also called a right circular cylinder, 

A cylinder may be regarded as the limit of a cone of 
which the vertex is at an infinite distance, for the generators 
of the cone are then parallel to one another. Therefore ail 
the properties of the cone which are independent of the posi- 
tion of the vertex are also properties of the cylinder. Hence 
the following may be at once affirmed: — 

1. The tangent plane to a cylindrical surface at any 
point is a tangent along the whole length of the generator 
passing through that point\ 

2. The section of a cylinder of revolution by a plane 
which cuts the axis obliquely is an ellipse. 

When a plane cuts a cylindrical surface along one or more 
generators it is parallel to all the others (Theor. x. Chap, l), 
and conversely if it be parallel to the generators, the section 
will be one or more straight lines. 

The section of a cylinder by a plane at right angles to 
the generators is called a right section. 

It has not been thought necessary to work the problems 
for the cylinder corresponding to I., ii., ill. and IV. for the cone, 
where a trace of the surface is known, for they would almost 
be a repetition of those which have been already given; but 
the three following problems, which are important special 
cases, have been substituted. 

1 It follows from this property of a cylinder, that if a line be a tangent 
to a curve, the projection of the line is a tangent to the projection of the 
curve. For the projection of the curve is the trace of its projecting cylinder, 
and the projection of the tangent is the trace of the tangent-plane to the 
cylinder. 
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Problem IX. Fig. 90. 

Given one projection of a point on a cylinder of revolu- 
tion, to find the other projection, when the axis of the cylinder 
is parallel to the ground line. 

Let abed, ef^K be the projections of a cylinder of revo- 
lution, and p the horizontal projection of a point on the 
surface ; it is required to find the vertical projection of the 
point P. 

Suppose the cylinder to be cut by a plane at right angles 
to the axis and containing the point P. The section is a 
circle, the projections of which are the two straight lines im 
and oY at right angles to the projections of the axis. If 
that circle be turned about its horizontal diameter MIS 
till it is parallel to the horizontal plane, the point P, moving 
with the circle, has p^ pi for its projections. If now the 
circle be returned to its original position, p[ comes to p' 
which is the vertical projection of the point P on the cylin- 
der. Hence the following : — 

Construction, Draw mq at right angles to the ground 
line. On mn as diameter describe a circle ; draw through 
p a line parallel to xy meeting the circle in p^, and make 
wfp equal to pp^. 

p is the vertical projection required. 

There are evidently two points on the cylinder which 
havejp for their horizontal projection. 



CURVED SURFACES AND TANGENT PLANES. 



135 



Tig. 90 



k 




P 


V 

\ 




— 


— Tn! 


— i^ 


• 




P 


/i 
/ 1 

• • 
1 ^-^ 1 








fr» 1 








XL 






ii 




p 







/ 
/ 

/ 
/ 

,^ a 

\ 
\ 

N 


N 


1 


i 


Jl 


\ J 



t 



t 



136 DESCRIPTIVE GEOMETRY. 

Problem X. Fig. 91. 

Through a given point on a cylinder of revolution to draw 
a tangent plane to the surface, when the axis of the cylinder 
is parallel to the ground line. 

Let ahcd, efgh! be the projections of a right circular 
cylinder, and p the horijsontal projection of a point on the 
surface; it is required to draw a tangent plane at the 
point P. 

Construction. Draw LR^, the traces of a plane cutting 
the cylinder at right angles to the axis. Let that plane be 
rahatted on the horizontal plane, and find the position of 0, 
the centre of the circular section of the cylinder, and of P, 
the given point on the surface, in the rabatment of the 
plane (Prob. xxiv. Chapter ii.) 

These are the points 0^ and Pj respectively. 

Describe the circle O^P^ ; draw the tangent PJ^, meeting 
^ in -B ; and make KR^ = KR. 

LM and R^N, parallel to xy, are the traces of the plane 
required. 

Proof The line LR is the rabatment of iihe tangent to 
the circular section of the cylinder OP, by construction; 
that is to say, the line whose traces are L and ^^ is a tangent 
line to the surface at the point P. 

But the plane LM R^N contains the line LR^, and 
therefore passes through P; and passing through P it 
contains the line through that point parallel to its traces, 
which is the generator PS. 

Therefore LM R^N is a tangent plane to the cylinder at 
the point P. 

Problem XI. Fig. 91. 

Through a given eoctemal point to draw a tangent plane to 
a cylinder of revolution, when the axis is parallel to the ground 
line. 

Let abed, e'fg'V be the projections of the cylinder and 
q q the projections of the point; it is required to draw 
through Q a tangent plane to the cylinder. 
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Construction. Draw, as in Prob. X,, LR^ the traces of 
a plane containing Q and perpendicular to the axis of the 
given cylinder. Rabat that plane on the horizontal, and 
determine 0^ and Q^, the rabatments of and Q. With 0^ 
as centre describe a circle equal to the circular section of 
the cylinder, and draw Q^R b, tangent to the circle. The 
remaining part of the solution is the same as in the preceding 
problem. 



Problem XII. Fig. 92. 
To find the development of a right ciixular cylinder. 

Let ABCf acfd' be the projections of a right circular 
cylinder ; it is required to find its development. 

A cylinder may be considered as a prism the faces of 
which are indefinitely small, that is to say, it is the limit 
towards which the prism approaches as the number of its 
faces is indefinitely increased. When the cylinder is right, 
as in this case, the generators being all at right angles 
to the circular base, each of the small faces is a rectangle. 
Hence the following : — 

Construction. Divide the circumference of the circle 
ABC into a number of equal parts C 1, 12, &c., and set ofif 
on a straight line c'C^ distances equal to Cl, 12, &c., or in 
any other way make cC^ equal to the circumference ABC, 
The rectangle cC^F^f is the development required. 

Cor. To find the position of any point P on the develop- 
ment, when its projections 4p' on the cylinder are given. 
Find the development of the generator passing through the 
point, and make 4Pj = 4'^'. In this way the development of 
any curve on the surface may be found. 

Any curve on a right cylinder such that its development 
is a straight line oblique to the generators is called a helix, 
dg'f is the projection of such a curve, dF^ being its de- 
velopment. It manifestly cuts the generators of the cylinder 
at equal angles, and is the well-known form of a screw- 
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thread. A screw surface is generated by a straight line 
moving on the axis of a cylinder and a helix traced on its 
surface, the generator making a constant angle with the 
axis. The surface of a triangular screw is formed when the 
generator cuts the axis obliquely, and the square threaded 
screw when the generator cuts the axis at right angles. 
The latter surface is used for the coursing joints of obUque 
arches. 

Surfaces of Eevolution. 

In figure 93, let XY be a fixed straight line, and ABG 
any curve whatever. Let perpendiculars A 0, BP, CQ be drawn 
from the different points of ABC to X Y. Now if the whole 
system of lines ABG OPQ turn about the axis XY, each 
of the points A, B, C describes a circle having its centre 
in the axis. 

The surface generated by ABG is called a surface of 
revolution. 

The following properties of a surface of revolution are 
manifest from the way in which it is generated. 

1. The lines AO, BP, &c. move in planes at right 
angles to XF; hence any section of a surface of revolution 
by a plane at right angles to the axis is a circle. These 
circles are called parallels. 

2. All sections of the surface by planes containing the 
axis, as A^B^G^, are equal and similar curves. They are 
called meridians, and a plane containing the axis is called 
a meridian plane. It follows that any surface of revolution 
may be generated by a meridian revolving about the axis. 
A surface of revolution will be considered as given when its 
axis and a meridian are given. 

3. At any point B^ of the surface the tangent B^T 
to the parallel, being perpendicular to the axis (Theor. ill. 
Ch. I.) and to the radius PB^, is at right angles to the plane 
containing these two lines, which is the meridian plane at 
the point B^, The tangent plane at B^, which contains B^ T, 
must also be perpendicular to the meridian plane.... (Theor. 
IV. Chap. I.) Therefore, the tangent plane to a sur/oce ofrevo- 
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lution is perpendicular to the meridian plane which passes 
through the point of contact. 

4. The normal to the surface at any point, l^eing per^ 
pendicular to the tangent plane, lies wholly in the meridian 
plane (Theor. V. Cor. Ch. i.) and consequently either inter- 
sects the axis or is parallel to it. 

5. If the meridian plane PBJt turns about the axis 
X Yy the straight line B^R will generate a cone of revolution, 
and the generator BJt will be in every position a normal to 
the surface. Thus, the normals to a surface of revolution 
at the different points of the same parallel form a cone of 
revolution having its vertex on the aods. 

6. When the tangent to a meridian intersects the axis 
it generates a cone of revolution as the meridian moves 
about the axis. Therefore, the tangents to a surface of revolu- 
tion at the different points of the same parallel meet the aods 
in the same point When the tangents are parallel to the 
axis a cylinder of revolution is generated. 
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Problem XIII. Fig. 94. 

Given one projection of a point on a surface of revolution, 
to determine the other projection. 

It is convenient to take one of the planes of projection 
perpendicular to the axis. Let this be the horizontal plane, 
then the parallels are all projected into circles on the hori- 
zontal plane^ and into straight lines on the vertical plane. 

Let p be the horizontal projection of a point on the sur- 
face ; it is required to find the vertical projection of the 
point. 

Construction. With centre a describe the arc pp^. This 
is the horizontal projection of the parallel on which the point 
lies. Next draw p^p^ cutting the meridian a'b'c in the 
point p^\ plq is the vertical projection of the parallel 
through P. Therefore^' is the vertical projection required. 
In this figure there are clearly two solutions, for the point p' 
may also be the vertical projection oip. 



Problem' XIV. Fig. 94. 

To draw a tangent plane to a surface of revolution at 
a given point on the surface. 

Let p p be the projections of a point P on the surface; 
it is required to draw a tangent plane to the surface at P. 

Construction. Determine, as in the last problem, the 
projections of the parallel containing the given point. At 
the point p' draw the tangent p^v and normal p^o' to the 
meridian a!h c. As the normal to the surface at every point 
of the paraller through P passes through the point in the 
axis (5), o'p'y.ap are the projections of the normal at P. 

Draw the plane LMN through P, and at right angles to 

the normal at that point (Prob. XVL Ch. il). LMNis 

obviously the tangent plane required. 

It may he observed that the tangeut ijlane to the given 
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surface at P is also the tangent plane at the sam€ point to 
the cone generated by the revolution of PF about the axis 
OF. In fact the two surfaces touch each other along the 
parallel QP^ that is to say, they have a common tangent 
plane at every point of that line. 

From this it is clear that the plane LMN might be 
obtained by drawing a tangent plane to the cone of re- 
volution with vertex F, axis F-4, and generator VB, by 
Problem ii. 

The construction for this solution is also shown in the 
figure. 

The Sphere. 

If a circle revolve about one of its diameters as an axis 
which is fixed in position during the motion, the surface 
generated is a sphere. 

Every point of a spherical surface is at the same distance 
from the centre of its generating circle, for it is a point on 
that circle in one of its positions. 

Hence a spherical surface may be defined as one of which 
every point is at the same distance from a point within it. 
That point is called the centre of the sphere. 
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Theorem III. 
Every plane section of a sphere is a circle. 

Proof, If from the centre of the sphere a perpendicular 
be drawn to the cutting plane, and a line to any point of 
the section, these two lines will form the two sides of a 
right-angled triangle, the third side of which is in the 
cutting plane ; and as the two former sides are both con- 
stant for every point of the curve, the latter must be 
constant also: that is to say, every point of the line of 
section is at the same distance from the foot of the per- 
pendicular from the centre to the cutting plane. The section 
is therefore a circle, the centre of which is the foot of the 
perpei^dicular from the centre to the cutting plane. 

The section of a sphere by a plane through the centre is 
called a great circle. 

The diameter of a great circle of a sphere, that is any 
line through the centre of the sphere and terminated by the 
surface, is called a diameter of the sphere. 

Any great circle of a sphere may be considered as its 
generator, and any diameter of that circle as the axis. 
Hence from the property of surfaces of revolution (6) the 
tangents to 'a sphere through an external point form a cone 
of revolution which touches the sphere along a circle. 

The line joining any point on the surface of a sphere 
with the centre is a narraal to the surface, for it is at right 
angles to the tangents of all great circles which meet it. 
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Problem XV. Fisr. 95. 



o* 



Given the projections of four points on the surface of a 
sphere, to find its centre and radius. 

Let the four points he A, B, C, and D. 

Construction. Draw the projections of the three lines 
AB, AG, AD \ and determine the traces of the three planes 
LMN, LRS, TUN, each of which passes through the middle 

point of one of the lines and is perpendicular to it 

(Prob. XVI. chap, ii.) 

(To prevent confusion in the figure the construction lines 
for these planes have been omitted.) 

Thus LMN is perpendicular to AB, and passes through 
its middle point E\ TUN bisects -40, and is at right angles 
to it; and LRS bisects ^i) and is at right angles to it. 0, 
the point of intersection of these three planes, is the centre 
of the sphere. 

The radius is equal to the distance between and any 
of the given points. 

Proof. Since AE=EB, and is in the plane LMX, 
the two right-angled triangles OEA, OEB SLve equal in all 
respects ; therefore OA = OB, 

Similarly it may be shown that 0(7= OA = OD. 

Therefore the four points A, B, C, D are on the surface 
of a sphere of which is the centre. 



Problem XVI. 

To (haw a tangent plane to a sphere at a given point on 
the surface. 

Construction. Draw a plane through the given point at 
right angles to the radius passing through it. That is the 
tangent plane required. 
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Problem XVII. Fig. 96. 



&• 



Given the projections of a sphere and of an external point, 
to find the projections of the circle of contact of the cone which 
envelops the sphere and has the given point for its vertex. 

Let 00 be the projections of the centre of the sphere, of 
which the radius is equal to oa\ and vv the projections of the 
point; it is required to find the projections of the circle of 
contact of all the lines which can be drawn through V to 
touch the given sphere. 

If any plane whatever be drawn containing V and cutting 
the sphere, and if the point of contact of a tangent through 
V to the circle of section of the sphere by the plane be 
determined, that will be a point on the circle of contact; 
for the line through V touching any curve traced on the 
sphere is a tangent line to the sphere. * 

Hence the following : — 

Construction, Draw a vertical plane through V and 
cutting the sphere: let vs be the horizontal trace of that 
plane. Now let the plane Vvs be turned about Vv till it 
is parallel to the vertical plane of projection, so that the 
section of the sphere is projected into the circle r^q^s^. 
From v' draw the tangents vp^' and vq^' to that circle, touch- 
ing it at the points p/ and q^. Next let the plane be 
returned to its original position, and find the projections 
pp' and qq' of the points of contact of the tangents: these 
are clearly the projections of two points on the required 
circle. 

This operation may be repeated with other cutting planes 
till a sufficient number of points have been obtained for 
tracing the curves. 

The projections of the circle are, in general, ellipses, 
but if V and are on the same level the horizontal pro- 
jection is a straight line, and if they are in the same 
vertical line the horizontal projection ia a circle: similarly, 
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the vertical projection may be a straight line or a circle ac- 
cording as YO is parallel or at right angles to the vertical 
plane of projection. 

The axes of these ellipses may be found in the following 
way, and the ellipses drawn by any of the well-known 
methods. 

As has been shown at page 145 the cone is a right cir- 
cular one having VO for its axis; and therefore the plane 
of the circle of contact is at right angles to VO. Hence 
the vertical plane containing YO cuts the base of the cone, 
which is the circle of contact, along that diameter which 
has the greatest inclination, and the projection of which is 
the minor axis of the ellipse. 

Draw, therefore, the vertical plane YvO as in the former 
case and determine the points c and d. The line cd is the 
minor axis of the ellipse and the major axis is equal to clA[ 
which is the diameter of the circle of contact. 

By taking a plane containing YO and at right angles to 
the vertical plane, the axes of the ellipse which is the vertical 
projection of the circle may be determined in a similar way. 
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Problem XVIII. Fig. 97. 

To draw a plane containing a given line and touching a 
given sphere. 

Let AB be the given line, and G the centre of the given 
sphere, the radius of which is equal to cA; it is required to 
draw a tangent plane to the sphere which shall contain AB, 

Construction, Draw the traces of a plane LMN contain- 
ing (7, and perpendicular to AB\ and find -B, the point of 
intersection oi AB and LMN.,, (2roh^, xvi. andxiv. Ch.ii.) 

Let the plane LMN he rabatted on the horizontal plane 
of projection, and determine the rabatment of the great circle 
in which LMN cuts the sphere; that is to say, find C^ and 
draw a circle with that centre and a radius equal to ch; also 
find 5j, the rabatment of the point B, and from B^ draw 
j?,Z)i touching the circle at D . Now let LMN be restored 
to its original position, and nnd dd\ the projections of the 
point D of which Dj is the rabatment. D is the point of 
contact of a plane containing AB and touching the sphere. 
RST are the traces of that plane, which contains the two 
lines AB and BD. 

Proof. Because AB is perpendicular to LMN it is per- 
pendicular to CD which lies in that plane. Also the tangent 
BD is perpendicular to CD. Therefore the plane RST which 
contains AB and BD is perpendicular to the radius of the 
sphere CD, and as it passes through the point D on the 
surface it is a tangent plane to the sphere. But it also con- 
tains AB, and is therefore the tangent plane required. 

Remarks. As two tangents B^D and B^E^ can be drawn 
to the rabatted circle there are evidently two planes vhich 
contain AB and touch the sphere. E is the point of contact 
of the second plane, which contains the two lines ABamdBE, 

This problem is sometimes solved by drawing two cones 
having their vertices in the given line, and each enveloping 
the given sphere. Each of the cones touches the spljcre 
along a circle, and the two points of intersection of these 
circles are the points of contact of the two planes which 
contain the line and touch the sphere. Each plane is a com- 
mon tangent plane to the two cones. 

When this method is adopted it is convenient, if possible, 
to take the vertex of one of the cones so that the circle of 
contact may he projected into a sttaig^iXi Xvnei, \Ja».\. \& ^\lW 
on the same level with the centro oi ^iJti^ «r^^x^ vst yq. ^0^^ 
vertical line passing througli it. 
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Problem XIX. Fig. 98. 

To find the vertex of a cone which shall envelop two given 
spheres. 

Let C and be the centres of the given spheres, and a^6, 
dhe their horizontal projections. 

Construction. Draw he, the common tangent to the two 
circles agh, dhe, and find V the point of intersection of the 
line joining the centres of the two spheres, that is (70, with 

the vertical plane having he for its horizontal trace 

(Prob. XIV. Chap. ii.). V is the point required. 

Proof. The vertical plane containing he evidently touches 
the projecting cylinders of the two spheres along the lines 
Bby Ee, and must therefore touch the two spheres at the 
points B and E, respectively. 

As the radii BC and EO are both at right angles to the 
tangent plane hvV they lie in the same plane (Theor. vii. 
Chap. I.), which is the plane containing the line of centres 
CV. 

But the plane CBV cuts each of the spheres in a great 
circle, and cuts the plane hvV in the straight line BV which 
passes through E and is a tangent to each of these great 
circles. 

Now, if the plane CBV were to revolve about the line 
CV the great circles would generate the spheres, and the 
line VB a cone touching them. 

Therefore a cone having the vertex V and enveloping one 
of the given spheres, must also envelop the other. 

Remark, There is obviously a second solution to this 
problem ; for the common tangent to the two circles agh and 
dhe might have been drawn to intersect the line of centres 
at the point w between the circles, and it may be proved, as 
before, that the point W is the vertex of a conical surface 
such that if it envelops one of the spheres, it must also 
envelop the other. 
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Problem XX. Fig. 98. 

To draw a plane to touch two given spheres and contain a 
given point. 

Let C be the centre of a sphere of radius cay and 
the centre of a sphere of radius od; it is required to draw 
a common tangent plane to these two spheres which shall 
also contain the point P. 

Construction, Find F, the vertex of the cone which en- 
velops the two given spheres (Prob. xix.), and draw the 
traces of a plane TUF containing the line PF and touching 
one of the spheres (Prob. xvin.) ; TUF is the plane required. 

In the figure, LMN is a plane containing C and perpen- 
dicular to PF; Q is the point of intersection of PV and 
LMN; Q^ is the rabatment of Q ; and B is the point in 
which TUF touches the sphere. 

Proof. As the plane TUF contains the point F, and 
touches the sphere ((7) in the point R, it contains one of the 
generators VE of the conical surface which envelops the 
two spheres ; therefore TUF touches the other sphere also ; 
and as it contains P it is the plane required. 

Remarks. As in Prob. xviiL there are two planes which 
contain the line PV and touch one of the spheres (TN is the 
horizontal trace of the second plane) ; and as two conical 
surfaces may be drawn to envelop the two spheres, there 
are in all four planes which fulfil the conditions of this 
problem. The others may be found in a similar way. 

It may be observed that the problem might also be 
solved by drawing a plane containing the point P and touch- 
ing the conical surface which envelops the spheres, as in 
Prob. III. 
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Problem XXI. 

To draw a ta/ngent plane to three given sphei^es. 

Let the three planes be denoted by A, B and C. Then 
if the vertex of a cone enveloping A and B be determined, 
and also the vertex of a cone enveloping A and (7, or B and 
Gy it follows from Prob. XX. that the plane which contains 
these two vertices and touches one of the spheres must also 
touch the other two. 

Now there are two conical surfaces which envelop A 
and By and two which envelop^ and (7, and two which 
envelop B and 0\ that is six altogether. The six vertices 
of these cones will be found to lie on four straight lines, 
three on each line ; and two planes can be drawn containing 
any one of these lines, and touching the spheres ; so that in 
all eight planes may be drawn to touch three given spheres. 
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Hyperboloid of Revolution, 

Problem XXIL Fig. 99. 

To find the projections of the surface generated hy a 
straight line which revolves about an aads not in the same 
plane with it. 

Let the horizontal plane of projection be taken at right 
angles to the axis, the projections of which are o, and nV ; 
and let the initial position of the generating line be parallel 
to the vertical plane of projection, so that aB, dV are its 
projections. 

The generator may be considered as indefinitely ex- 
tended, but in the figure the solid is bounded by the hori- 
zontal plane of projection and the plane described by the 
common perpendicular of the axis and generator — that com- 
mon perpendicular is the line OA, equal and parallel to oa. 

As the axis is perpendicular to the horizontal plane the 
horizontal trace of the surface will be the circle described by 
the horizontal trace of AB\ that is the circle through B 
described from the centre o. 

The outline of the vertical projection will be the pro- 
jection of the meridian parallel to the vertical plane ; that 
is the curve of intersection of the generator with the me- 
ridian plane F^B^. It is required to find that curve. 

Construction, Take any point D on the generator. The 
distance of Z) from the axis is equal to od\ and as the gene- 
rator revolves about Oo, the point D moves on the circum- 
ference of a circle. Find the vertical projections of the 
points Z)j and -ff, in which the path of D intersects the 
meridian plane F^B^ ; A/ and d/ are points on the required 
curves. In the same way any number of points, as c/, e/ 
and g^, k^, may be found, and the curve traced through them. 
A is the point of the generator nearest to the axis, and its 
path AA^A^ is consequently the smallest parallel of the 
solid. It is called the throat circle. 



CURVED SURFACES AND TANGENT PLANES. 159 




100 DESCRIPTIVE GEOMETRY. 

Xotes, 1. The meridians of the surface are hyperbolas, 
and as the surface might be generated by one of these 
hyperbolas revolving about the axis, it is called the Hyper- 
boloid of revolution, 

2. As the line OA is always horizontal and at right 
angles to the generator, the horizontal projections of these 
two lines are at right angles to one another in all their 
positions. (Theor. xvii. Ch. i.) Therefore tlie korizoyital pv- 
jection of the generator is always a tangent to the horizontal 
projection of the throat circle, 

3. It is evident that the same surface might be gene- 
rated by the straight line AF, which has the same inclina- 
tion to the axis as AB but in the opposite direction. Hence, 
through any point of the surface, two straight lines can he 
drawn which coincide with the surface throughout their whole 
length. 
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To draw a tangent plane to a hyperboloid of revolution at 
a given point. 

Let p be the horizontal projection of a point on the sur- 
face ; it is required to find the traces of a tangent plane 
to the surface at P. 

Construction. Find p* as in Problem xiil. Through p 
draw pQ and pE tangents to the circle ajxa^. pQ and 
pR are the horizontal projections of the two generators of 
the surface which pass through the point P. Determine the 
traces QST of the plane containing the two lines PR and 
P^. QST is the plane requii-ed. 

Proof. QST contains the two straight lines passing 
through P and coinciding with the surface throughout their 
whole length ; it is therefore a tangent plane at the point P. 
(Theorem i.) 

Notes. 1. The tangent plane QST should contain the 
tangent to the parallel through P. 

2. The tangent plane at P cuts the axis at V, so that V 
is the vertex of a cone which touches the hyperboloid along 
the parallel G^PC. vgl is the vertical trace of the tangent 
plane at the point 0^. W is the vertex of the nonnal cone 
along QJPG. 

3. It is evident that at diflferent points of the line PQ, 
there are diflferent tangent planes, so that, unlike the cone 
and cylinder, the tangent plane to a hyperboloid of revolu- 
tion does not touch the surface along a generator. In fact 
it touches at one point only, and cuts the surface along the 
two generators passing through that point. 
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Problem XXIV. Fig. 100. 
To find the plane section of a hyperboloid of revolution. 

Let the vertical line through o be the axis ; AB or AF 
the initial position of the generator ; and LMN the traces of 
a plane ; it is required to draw the projections of the curve 
of intersection of XJ/iVwith the hyperboloid generated by 
AB or AF revolving about the axis Oo. 

Construction, Draw a horizontal plane QR intersecting 
the plane LMN in a line, of which the projections are QR 
and rUy and intersecting the generator AF in a point 8, As 
the generator revolves, the point S moves on the circumfer- 
ence of a circle, the horizontal projection of which is sut^ and 
the vertical projection coincides with QR. Now as the circle 
SUT liigs on the surface of the hyperboloid and the line RU 
lies in the given plane, the points J7and T in which the line 
and circle intersect must be two points in the curve re- 
quired ; uu and tt' are therefore the projections of two points 
in the curve. In a similar way the projections of any num- 
ber of points in the curve may be determined, and the pro- 
jections of the curve drawn through them. There are, how- 
ever, some points which it is best to determine by a special 
method, such as and jET, the vertices of the curve (it is evi- 
dent the curve must be symmetrical with respect to LN, 
which is consequently an axis), or the points a', ^, where the 
vertical projection of the curve touches the hyperbolas. 

To find the projections of the points G and H, Find d\ 
the vertical projection of the point in which LMN cuts the 
axis of revolution. The points G and H are evidently the 
points of intersection of the generator and the line DL, Now 
a little consideration will show that in order to find the circle 
described by the point of intersection it will be the same 
whether the line DL is fixed and AF revolving, or AF fixed 
and DL revolving about the same axis Oo, Conceive the 
line DL to revolve; it will generate a cone of which the 
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horizoDtal trace is LKP. To find the point in which AF 
intersects this cone, draw the horizontal trace of the plane 
containing -4i^and the point D; KP is that trace. As the 
generator DK of the cone and the line AF are in the same 
plane, Aj is the horizontal projection of their point of intersec- 
tion. Let DK revolve about Oo till it coincides with DL\ 
Aj comes to the position h, which is one of the points re- 
quired. A second generator PD of the cone cuts w4Fina 
point of which g^ is the horizontal projection, so that making 
og equal to og^ the horizontal projection of (? is found. 

Similarly, by conceiving the line DZ in the plane LMN 
to describe a cone about Oo, and finding the points in which 
AF meets two generators of that cone, the points a and p 
may be found, a and ^' lie, of course, on the vertical pro- 
jection of DZ, 

Note, If from 0, the point in which the common per- 
pendicular of the axis and generator meets the axis, a line 
be drawn parallel to AB, and if that line revolves with AB^ 
always remaining parallel to it, it generates a cone which is 
called the asymptotic cone of the hyperboloid. a'f'b' is its 
vertical projection, and it is such that in any meridian section 
of the two surfaces, the straight lines which are the sections 
of the cone are asymptotes to the hyperbolas which are the 
sections of the hyperboloids. 

The following theorem which can be proved by analytical 
geometry may here be stated. 

Theorem. The sections of a hyperboloid of revolution 
and its asymptotic cone, by the same plane, are of the same 
kind and have a common centre. 

It is to be borne in mind that a point, straight line, or 
pair of intersecting straight lines, are the limits of the 
ellipse, parabola, and hyperbola, respectively. 



Exercises. 

1. A right circular cone, height 3" and diameter of base 
2", rests with its base on a plane of which the vertical and 
horizontal traces make angles of 30® and 45* respectively with 
the ground line. Draw its plan, elevation, and traces. 

2. Draw a plane inclined at 60' and touching the cone 
of Ex. 1, 

3. Draw the plan of a cube of 2" edge when two adjacent 
faces are inclined at angles of 50^ and 70* respectively. 

4. The height of a regular hexagonal pyramid is 3", and 
the side of its base 1". Draw its plan when the base is in- 
clined at 60* and one of the triangular faces inclined at 70**. 

5. The base of a cone of revolution is 3" diameter, 
height 4". Represent the true form of the section by a plane 
which cuts a generator one inch from the vertex — that being 
the highest point of the section: 

(1) When the plane cuts the axis at an angle of 60*. 

(2) When the plane is parallel to one of the gene- 
rators. 

(3) When the plane is parallel to the axis. 

6. Draw the developments of the sections of the last 
exercise, 

7. Take any two points on a cone, not on the same gene- 
rator, and show the plan and elevation of the &\\cycl<^'^ ^^^ 
which can be drawn between them on \\i^ ^vvtW.^^^^'^^^^'^'^'^* 
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8. The axis of a right circular cylinder of 2" diameter is 
inclined at 45® to the horizontal and parallel to the vertical 
plane of projection. Determine the two planes touching the 
cylinder and inclined at 60** to the horizontal. 

9. Find the horizontal trace of this cylinder (Ex. 8) and 
draw its development. 

10. On a rectangular slip of paper, 6" long, a line is 
drawn making an angle of 30® with the edge ; the paper is 
then wrapped on a cylinder of 6" circumference. Draw the 
projection of the line on a plane parallel to the axis of the 
cylinder. 

11. A surface is generated by a straight line moving in 
contact with the helix and axis of the cylinder of the last 
example, and at right angles to the axis. Determine the 
section of that surface by a plane making an angle of 60^ 
with the axis. 

12. A sphere of 2" diameter rests on the horizontal 
plane, and is touched by three planes which are equally in- 
clined to one another and at 50* to the horizontal. Find the 
points of contact, the height of the pyramid so formed, and 
the inclinations of the tangent planes to one another. 

13. Three spheres of 1", 1 J'' and 2"diameter respectively 
lie on the horizontal plane, each sphere touching the other 
two. Draw their plan and elevation, and the traces of a plane, 
not horizontal, touching them all. Mark the points of contact. 

14. A sphere of 2" diameter has its centre raised 3" 
above the horizontal plane ; the axis of a cylinder enveloping 
the sphere is inclined at 45**. Find the line of contact of the 
two surfaces and the horizontal trace of the cylinder. 

15. Determine the surfaces generated by the edges 
(2" long) of a cube when it revolves about one of its diagonals. 



CHAPTER V. 



INTERSECTIONS OF CURVED SURFACES, 



The general method of determining the line of intersec- 
tion of two surfaces is to take a series of auxiliary surfaces, 
which are mostly plane, cutting both surfaces, these auxiliary 
surfaces being so chosen as to cut the given surfaces in lines 
which are easily drawn, such as straight lines or circles. 
The point in which a line on one surface intersects a line 
on the other is common to the two surfaces and conse- 
quently a point in their curve of intersection. For instance, 
let the two given surfaces be denoted by 8 and 8\ and let 
a plane P cut 8 in the line L and 8' in the line i'; then if 
the two lines L and L' intersect in the point M, that is a 
point in the required curve. The projections of a suflBcient 
number of such points being found, the projections of the 
curve of intersection of the two given surfaces may be traced 
through them. Examples of this method have been given 
in Chap. rv. in finding the plane sections of curved surfaces, 
in other words in finding the common section of two sur- 
faces, one being curved and the other plane. Thus in find- 
ing the plane section of a hyperboloid of revolution a series 
of planes were drawn perpendicular to the axis, so as to cut 
the surface in circles, and the points of intersections of any 
one of these circles with the straight line in which the 
auxiliary cut the secant plane gave two points in the curve 
required. 

The line of intersection of two curved surfaces is in 
general a curve of double curvature^ that is ^ Q.\3cts<^ ^5^ 'v^^ 
points of which are not in the same ipVaue. 



168 DESCRIPTIVE GEOMETRY. 

The tangent to the curve of intersection of two curved 
surfaces at any point, is the common section of the tangent 
planes to the surfaces at that point • for the curve being 
at the same time on both surfaces its tangent must lie 
in both the tangent planes. 



Problem I. Fig. 101. 

To find the curve of intersection of two given conical 
surfaces. 

Let ABC be the horizontal trace of a cone and v v the 
projections of its vertex ; DEF, the vertical trace of a second 
cone and w w the projections of its vertex ; it is required to 
find the projections of the curve in which the two surfaces 
intersect. 

Construction, If auxiliary planes be taken which pass 
through the vertices of the cones they will cut them in 
straight lines. Draw^ therefore, the projections of the line 
VWy and find its traces T and U, Any plane containing 
TU passes through* the vertex of each cone. Draw UH 
cutting the horizontal trace of the first cone in the points 
B and G\ and join H with T, the line HT cutting the 
vertical trace of the second cone in the points E and F, 
Now the plane THU cuts the first cone along the two 
straight lines BV, (7F, and cuts the other cone along the 
straight lines EW, FW. The four points K, i, Jf, N, in 
which these lines intersect, are four points in the curve re- 
quired. k\ I', m\ n\ are the vertical projections of thesQ 
four points and k, I the horizontal projections of K and X, 
the other two being omitted in plan for the sake of clear- 
ness of the figure. In the same way, by drawing any other 
plane containing TU and cutting the two surfaces, four more 
points may be found. A few of these planes are shown on 
the figure. 
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One of the auxiliary planes touches the second cone 
along the line OW and cuts the first cone along the two 
lines OV, PV. In this case the four points are reduced to 
two, cw' and fiff, as may be seen from the figure. Again, 
there is a second tangent plane touching the second cone 
along D W and cutting the first cone, which also gives two 
points of the curves. These are called the limUing planeSf 
for the curves of intersection must lie wholly between them. 

To find the point situated on any given generator of 
either cone, take an auxiliary plane containing that line 
and find the point in the same way as before. For instance, 
to find the point on the generator WJ, that is the highest 
line of the cone, of which w'J is the vertical projection ; TJ 
is the vertical trace of the plane containing that line, and 
determines the point X on the curve. It is important to 
find in this way the points on the contour or outline of the 
projections of the cone, for, as may be easily seen, these lines 
are tangents to the projections of the curve. Thus wJis a 
tangent to the curve k'l'x' at the point x\ Similarly the 
line Iw' touches the same curve at y. 

Remarks. Particular attention has been directed to the 
vertical projection of the curve in this problem, but the 
horizontal projection may be found in a similar way, by 
finding the points of intersection of the generators of the 
surfaces which are in the same plane, or when the projec- 
tions of the generators intersect very obliquely, as the 
horizontal projections do in the figure, one projection of 
the curve may be found from the other by drawing the 
generators of one of the cones. 

When the limiting planes both cut the same surface, 
as in this example, there are two curves of intersection. 
The smaller cone penetrates the larger and is completely 
enclosed by it, so that there is a curve of entrance and one 
of emergence. If both the limiting planes were not tangents 
to the same surface the two curves would merge into one 
another and form ojie curve. 

As the tangent plane to the second cone along the line 
OW cuts the first cone along tKe g^n^Y^loY P V^ that genera- 
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tor is the common section of the tangent planes to the two 
cones at the point of intersection oi QW and PV, and con- 
sequently a tanorent to the curve of intersection. As the 
same may be said of the other points of the curve which are 
situated on the limiting planes, it may be stated generally, 
that the tangents to the curve of intersection at a point situated 
on a limiting plane is the generator in which that plane cuts 
the other cone. 
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Problem II. Fig. 102. 

To find tlie curve of intersection of a cone and a cylinder. 

Let ABP be the horizontal trace of a cone, and V its 
vertex ; CDOy the horizontal trace of a cylinder, and KL one 
of its generators; it is required to find the curve in which the 
two surfaces intersect. 

The planes which cut the cylinder in straight lines, that 
is along generators, must be parallel to KL; while planes 
that cut the cone in straight lines pass through the vertex. 
Hence the auxiliary planes are to be taken passing through 
V and parallel to KL. In fact this problem may be cod- 
sidered as a particular case of Prob. I., the vertex of one of 
the cones being at an infinite distance. 

Construction, Through the point V draw VT parallel to 
KL, and find its horizontal trace T. Now planes contain- 
ing VT fulfil the required condition of cutting both sur- 
faces in straight lines, so that any line through T, cutting 
the horizontal traces of the surfaces, may be taken as the 
horizontal trace of an auxiliary plane. 

Draw any straight line A T cutting ABP in the points 
A, B, and CD in the points (7, D. The plane A TV cute 
the cone along the two straight lines aV, BV, and the 
cylinder along the two straight lines GE, DF. A V meets 
CE in the point E, and DF in the point F\ BV meets CE 
in the point (?, and DF in the point H. Therefore E^ F^ 
G, H are four points in the curve required. 

To find the points on the limiting planes, draw TK and 
TO tangents to GDO and cutting ABP at /, e/, P, Q. These 
limiting planes touch the cylinder along the straight lines KL 
and OSy and cut the cone along the four lines IV, JVj PV 
and Q V. The four limiting points of the curves are L, M, B 
and S. The lines IV, JV, PV and QF are tangents to the 
curves at the points L, M, R and S respectively, as has been 
shown in the preceding problem. To find the points of the 
curve which are on any given generator of either surface, draw 
the auxiliary plane containing that generator and proceed as 
before. For instance, to find the points on v!^, draw the line 
Tl/cuttiDg ABP at X and Y\ \J[ie ^om\& oS. vBtow^ctvon of xv 
and yv with ufi' are tbe poiula ^Yiex^ Xki^^sysLtN^m^^x^-^i^ . 
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Problem III. Fisr. 103. 



to* 



To find the curve of intersection of two cylinders. 

Let ABO be the horizoDtal trace of a cylinder, and jPy, 
joV the projections of one of its generators; GDN the hori- 
zontal trace of a second cylinder, and Km, k'm the projec- 
tions of one of its generators; it is required to find the pro- 
jections of the curve in which the two surfaces intersect. 

As the section of a cylinder by a plane parallel to its 
generators is one or more straight lines, the auxiliary planes 
must be taken parallel to the generators of both the given 
surfaces. 

Construction, From any point V of the generator PV 
draw VT parallel to KM, and find T its horizontal trace. 
Now the plane PVT is parallel to the generators of both 
cylinders (Theor. X. Chap. I.). Consequently the auxiliary 
planes are to have their horizontal traces parallel to PT. 

Draw any straight line AD parallel to PV, cutting the 
horizontal trace of one cylinder in the points A, B, and the 
other in the points (7, D. The points A, B, C and D are the 
horizontal traces of four generators, two on each surface, 
which lie in the same plane, so that their points of intersec- 
tion JS, F, G and H are four points of the required curve. In 
a similar way as many points as required may be found on 
the curve. 

The limiting planes are JIL and NQS, As these planes 
are not both tangents to the same surface, neither cylinder 
is enclosed entirely within the other. In the figure one of 
the cylinders is supposed to be removed. 



'Wkbsectio.vs 
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Problem IV. Fig:. 104. 



O' 



To find the cur^ve of intersection of a cone and a right 
circular cylinder when the axis of the cylinder is parallel to 
the ground line. 

Let PQBS be the horizontal trace of the conical surface 
and V its vertex ; CD the axis of the cylinder, and its 
radius equal to ce. 

Any plane parallel to the generators of the cylinder, and 
consequently to its axis, must have its horizontal trace paral- 
lel to the ground line (Theor. xi. Cor. 2. Ch. I.). So that any 
line AB parallel to the ground line and intersecting the 
horizontal trace of the cone may be taken for the horizontal 
trace of an auxiliary plane, provided it also meets the cylinder. 

To find if the plane VAB cuts the cylinder, and, if it does, 
to determine the lines of section. Conceive a plane per- 
pendicular to CD to pass through V, cutting the cylinder in 
a circle and the plane VAB in a straight line VH^. If this 
straight line and circle intersect one another their points of 
intersection are on the cylinder, and consequently points on 
the generators along which VAB cuts the surface. Now, if 
the plane VH^v were turned about Vv as an axis till it came 
parallel to the vertical plane of projection, H^ would come to 
H, and its vertical projection would be h'v\ and the circular 
section of the cylinder would have for its vertical projection 
a circle described about o', on the axis of the cylinder, with 
a I'adius equal to the radius of the cylinder. As the line vh' 
cuts the circle in the two points/', y, the plane VAB cuts 
the cylinder along the two lines of which /W and g'n are 
the vertical projections. The points on the curve which are 
in the plane VAB are the points of intersection of FM, GN, 
AV and BV, In working the problem, however, it will be 
better to proceed as follows. 

Construction, Draw vE^ for the hoiizontal trace of a 
vertical plane, which cuts the axis of the cylinder at right 
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angles in the point 0^. Let this plane be turned about Vv 
as an axis till it is parallel to the vertical plane of projection 
and the point 0^ comes to 0, From o as centre and di = ce, 
draw the circle /'^r'i'. Now from \S draw any line v'K cutting 
the circle in the points/' and g\ With centre v and radius 
vH describe a circle cutting vH^ at H^y and draw AB through 
H^ parallel to ojy. AB'\^ the norizontal trace of an auxiliary 
plane which cuts the cone along the two lines AV^BV, and 
the cylinder along the two lines FM, GN, F, G, M and N 
are consequently four points on the required curve. 

The limiting planes are, as in former cases, those which 
touch one surface and cut the other. In this example they 
both touch the cylinder, and are determined by lines drawn 
from v' touching the circle, as may be seen from the figure. 
They are the two planes PQF and RSV. 



Vl^'^ 
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Problem V. Fig. 105. 

To firid the curve of intersection of a cylinder and a 
surface of revolution. 

GMF is the horizontal trace of the cylinder, and FH 
one of its generators; the vertical line through is the 
axis of the surface of revolution, and ddp'q^ the projection 
of that meridian which is parallel to the vertical plane of 
projection. 

This problem might be solved by taking horizontal 
auxiliary planes, cutting the surface of revolution in circles 
and the cylinder in curves equal and similar to its horizontal 
trace. But the construction of these latter curves is, in 
general, too laborious, and the following method will be 
found preferable. 

Construction. Take any plane section ABC of the surface 
of revolution, at right angles to its axis. Let this circle be 
taken as a directrix of a cylinder, having its generators 
parallel to those of the given cylinder. The horizontal trace 
of that auxiliary cylinder is the circle GDFy equal to ABC 
As the horizontal traces of the given and auxiliary cylinders 
intersect at the points O and F, the two cylinders intersect 
along the two straight lines FH and GK, and the points 
H and K where these two lines meet ABC are evidently 
points on both the given surfaces, and consequently points 
on the required curve. 

In a similar way as many points as desired may be 
found on the curve. It is clear there are two auxiliary 
cylinders which touch the given one, namely, those of which 
the horizontal traces touch GRF. These give the limiting 
points of the curve, but in general they can only be deter- 
mined by trial. 

Note, In finding the intersection of a cone and a surface 
of revolution, the auxiliary surfaces are to be cones having 
the same vertex as the given one, and circular sections of 
the surface of revolution for their directrices. The horizontal 
traces of these auxiliary cones will be circles, and the con- 
struction will be similar to that given above. 
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Problem VI. Fig. 106. 

To find the curve of intersection of two surfaces of revolu- 
tion when the axes are parallel. 

As the axes are parallel to one ao other, they are both 
at right angles to the same plane (Theorem viii. Ch. I.), so 
that the auxiliary planes may be taken perpendicular to the 
axes, and consequently cutting both surfaces in circles. 

Let one of the given surfaces be that generated by the 
circle IBP revolving about the axis Oo, that is to say, a 
•ring of circular section; and let the other surface be the 
cone generated by the straight line VU revolving about the 
axis Vv, The horizontal plane is, as usual, taken at right 
angles to the axes. 

ConstrvjCtion, Draw any line a^ parallel to xy, and cut- 
ting the vertical projections of the two surfaces. This is the 
vertical trace of a horizontal plane which cuts the cone in 
the circle EFG and the ring in the two circles AEB, CGD. 
The circle EFG cuts AEB at the points E and F, and 
the circle CGD at G and H, Therefore the four points 
E, Fy <?, H are on the required curve. In a similar way as 
many points as are necessary for determining the curve may 
be found. 

The limiting points of the curve are those points at 
which a circular section of one of the surfaces touxkes the 
circular section of the other. As the points of contact of the 
horizontal projections of these circles must always be on the 
line of centres ov, it follows that the limiting points of the 
curves are on the lines VL and FJIf, that is, the two 
generators of the cone which are in the plane of the axes. 
Hence the limiting planes may be found as follows : — 

Let the plane of the axes, together with its sections of 
the two given surfaces, be turned about Oo till it is parallel 
to the vertical plane of projection. The elevation of the 
section of the ring is the circle i'6'g'', and the elevation of 
the section of the cone is the isosceles triangle l^v^\. The 
limiting planes are those of which the vertical traces pass 
through the points p\ q\ t, /, and the limiting points are 
determined from them in the usual way. They are P^, /j, 
Qj, and J^. 

In this figure the cone pei\^\»Ta\.e% tW ring, and there are 
two curves of intersection •, tiVve \o^^t oxi^ \i%& ^Wj^ ^\s!C)^XR$i 
ja the plan for the sake o? cVeatTLess. Tcia ^oiva S^ ^xy.^Y^'^ 
to be removed out of the img. 
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Problem VIL Fig. 107. 

To find the curve of intersection of two surfaces of revolu- 
tion when their axes intersect. 

Let Oo be the axis and PEC the meridian of one surface ; 
OD the axis and POQ the meridian of the second surface; 
it is required to find their common section. The vertical 

Elane of projection is taken parallel to the axes, and the 
orizontal plane perpendicular to one of them. 

When two surfaces of revolution have the same axis they 
must intersect in one or more circles ; for as every point on 
either meridian describes a circle, the point of intersection of 
the two meridians describes a circle about the common axis, 
which is the intersection of the two surfaces. Hence, as any 
diameter of a sphere may be considered as its axis, when the 
centre of a sphere is on the a,xis of a surface of revolution, the 
sphere and that surface intersect in a circle which is a 
parallel of the given surface. By taking for auxiliary surfaces 
spheres having their common centre at the point of inter- 
section of the axis, the given surfaces will be cut in circles 
by the spheres. 

Construction. From the centre o' describe a circle efh' 
intersecting the elevations of the two given surfaces. Sup- 
pose ef'h' to be the elevation of a sphere, it intersects the 
first surface in the parallel EKF, and the second surface in 
the parallel OKH. These two circles are in planes perpen- 
dicular to the vertical plane of projection, since the axes are 
parallel to that plane, and their common section is conse- 
quently the straight line through K perpendicular to the 
vertical plane ; that is, the line KL. K and L are points on 
the curve required. In a similar way any number of points 
on the required curve may be determined. 

In the figure the surface shown in dotted lines is sup- 
posed to be removed. 
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Shadows. 

It is a well-known physical fact that in a homogeneous 
medium light is propagated in straight lines. Hence when 
light from any luminous point falls on an opaque body there 
is a certain portion of space behind the body as well as part 
of the body itself which is deprived of the direct rays from 
the point. The line on the surface of the body which sepa- 
rates the illumined from the dark side is called the line of 
shade, and the dark space behind is called the shadow of the 
body. When any surface comes within the shadow so as to 
have the whole or part of it deprived of the direct rays from 
the luminous point, it is said to have a shadow cast upon it 
by the opaque body. 

By assuming that the medium surrounding the bodies 
is homogeneous and the source of light a fixed point, the 
line of shade on any known surface and the shadow cast 
by it on any other known surface can be detennined by 
Geometry, provided the relative positions of the two surfaces 
to one another and to the luminous point are given. For the 
shadow-surface, that is the surface separating the shadow 
from surrounding space, is generated by straight lines pass- 
ing through the luminous point and touching the surface 
which casts the shadow. The points of contact determine 
the shade line, and the intersection of the shadow-surface 
with the other given surface is the outline of the cast-shadow. 
The outline of the cast-shadow is therefore the common 
section of two known surfaces. For example, in fig. 96, if 
Fwere the source of light, the line CPQD would be the line 
of shade on the given sphere, and the line of intersection 
of the right cii'cular cone VCPQD with any other surface 
would be the shadow cast by the sphere on that surface. 
For instance, the horizontal trace of that cone would be the 
shadow cast by the sphere on the horizontal plane of pro- 
jection. It would evidently be an ellipse. 

In putting the shadows on Engineering Drawings it is 
the custom to take the raya o? \\^\it ^j^iallel to one another, 
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which is equivalent to assuming the source of light at an 
infinite distance, so that the shadow surface is a cylinder, 
according to the definition in Chapter IV. Moreover the 
rays of light are always assumed to proceed forward and 
downward from the left-hand side — frequently in the direc- 
tion of the diagonal of a cube having two of its faces coin- 
ciding with the planes of projection, so that the projections 
of the rays make angles of 45® with the ground line. This 
direction is found very convenient. 



Exercises, 

1. A right circular cylinder, 2" diameter, penetrates a 
regular hexagonal prism, the shortest diameter of which 

' is 3" : the axis of the cylinder meets the axis of the prism 
at right angles. Draw the projection of the line of inter- 
section on a plane parallel to the axis of the cylinder and 
one of the faces of the prism. 

2. If the prism of the last example penetrates a sphere 
of 4" diameter, the axis of the prism passing through the 
centre of the sphere, draw the projection of the line of inter- 
section on a plane parallel to a face of the prism. 

3. A right circular cylinder of 2" diameter penetrates 
another of 3" diameter, the axis passing J" from one another, 
and at an angle of 60**. Draw the projection of the two 
solids on a plane parallel to their axes. 

4. A cone of revolution, 3" diameter at base, and 4" 
high, has a circular cylindrical hole, 1^" diameter, bored 
through it; the axes are at right angles to one another and 
£' apart ; the axis of the hole 1" from the base of the cone. 
Draw the plan and elevation of the cone when standing on 
the horizontal plane, the axis of the hole making an angle 
of 30** with the vertical plane of projection. 

5. Draw the development of the conical surface of the 
last example, shewing the holes. 

6. Draw the projections of the curve of intersection of a 
cone and a sphere 

•(1) When the cone is one of revolution and its axis 
passes through the centre o£ t\ie a^\v^T^. 
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(2) When the cone is one of revolution but the axis 
does not pass through the centre of the sphere. 

(3) When the cone is not one of revolution. 

7. The longest diameter of the base of a regular oct- 
agonal prism is 2" and its height 4"; it is placed with its 
base on the horizontal plane, and its axis 2" from the vertical 
plane of projection. Find the shadow cast by it on the two 
planes of projection 

(1) When the light proceeds from a luminous point 
3" from the vertical plane of projection, 6" above the hori- 
zontal plane, and 6" from the axis, produced, of the pyramid. 

(2) When the rays are parallel and their projections 
on both planes make angles of 45* with the ground line. 

8. Draw a bolt 4" long, and 1|" diameter, with a hex- 
agonal head, greatest diameter 2f", depth 1|". Find the 
shadow cast by the head on the bolt, and by both on the 
horizontal plane when the bolt is vertical with head upper- 
most. Direction of light the same as in the second case of 
the last example. 

9. .A cylinder, 2" diameter and 3" high, stands on a 
table, and a sphere of 3" diameter rests on the top of it, 
with its centre in line with the axis of the cylinder. Draw 
the shadow cast by the two solids on the table when the 
rays are parallel to one another, and inclined at 45° to the 
table. 

10. A cone of revolution, base 2" diameter, height 4", 
stands on a table ; a sphere of 2" diameter rests on the same 
table, the distance between the axis of the cone and the 
centre of the sphere being 3". Find the shadow cast by the 
cone on the sphere when the rays are parallel to the plane 
containing the axis of the cone and centre of the sphere, and 
inclined at 45° to the table. 



CHAPTER VI. 



AXOMETRIC PROJECTION. 



In most structures and machines there are three principal 
directions, one vertical and two horizontal and at right angles 
to one another. In making drawings it is the custom to take 
each plane of projection parallel to two of these directions. 
The projections on these planes are both the easiest to make 
and the most useful for some purposes, such as working 
drawings. There is, however, a considerable amount of ex- 
perience and training required in order to be able readily to 
comprehend them; that is, to be able to combine the plan, 
elevation and sections so as to form to the mind a clear mental 
image of the object represented. When it is desired to convey 
a clear and easily comprehended notion of an object, es- 
pecially if it be of a complicated form, to those who are not 
familiar with the ordinary drawings, and even sometimes to 
those that are, it is necessary to show the three principal 
directions at one view; for this has the effect of giving to the 
drawing an appearance of solidity. The best kind of drawing 
for this purpose would no doubt be a perspective; but it is 
of a nature to require much labour in the execution, even 
were it more generally understood by draughtsmen than it is. 
But the place of a perspective may be very well supplied in 
many cases by a kind of orthogonal projection on a plane 
inclined to the three principal directions. Three lines are 
taken at right angles to one another to represent the three 
piincipal directions, and are projected on a plane inclined to 
each of them. These lines are called the axes, and by 
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measurements along and parallel to them the projection of 
every other point of the object to be represented may be 
obtained. This is- what is to be understood by the term 
Aacometric Projection, 

From the following problem and the succeeding exam- 
ples it is hoped that the method of drawing such a pro- 
jection will be clear. 
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Problem I. Fig. 108. 

Given the projections of three straight lines which meet at 
a point and are perpendicular to one another, on a plane 
oblique to each of them, to determine their respective inclina- 
tions to that plart£. 

Let the three lines AB, AC, AD be at right angles to 
one another, and let aB, aC, aD be their projections on a 
plane, which for convenience may be considered horizontal; 
it is required to find the inclination of each of them to the 
plane of projection. 

Construction, Take any point B on one of the lines for 
its horizontal trace; draw 5 C perpendicular to aD, and CD 
perpendicular to aB. The points C and D are the horizontal 
traces of the other two lines. 

Next take a vertical plane of projection parallel to one of 
the given lines: in the figure it is parallel to AB, That is, 
draw eb' parallel to aB for a ground line. On eb', the verti- 
cal projection of EB, describe a semicircle, and draw aa per- 
pendicular to eb' meeting the semicircle in a'; this is the 
vertical projection of the point A. 

The vertical projections of the given lines being now 
known their inclinations are determined by Prob. vi. Chap. ii. 

a'b'e is the inclination of AB, and a'c^e, ad^e the incli- 
nations oi AC and AD respectively. 

Proof Because the plane BAC is perpendicular to AD, 
the line BC, through the horizontal trace of AB and perpen- 
dicular to aD, is the horizontal trace of that plane (Prob. XV. 
Chap. II.). Therefore C is the horizontal trace of AC, For 
a similar reason D is the horizontal trace of AD, 

Since AB is perpendicular to the plane CAD the angle 
BAE is a right angle; and as the vertical plane of projec- 
tion is parallel to the plane BAE the vertical projection of 
the angle BAE must also be a right angle (Theor. xvii. 
Chap. I.); so that the vertical projection of A must be on the 
semicircle h'a'e and is therefore the point a'. 

Hence ah' is the vertical -pio^ecXioti q^ AB^ and a'e' the 
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vertical projection o( AG and AD. a'Ve' is the inclination of 
AB, ac^ e* the inclination of AC, and a'd/e' the inclination of 
AD Prob. VI. Chap. IL 

Notes. When the inclinations of the lines are known the 
projections of any lengths measured on them can readily be 
found. Thus h'p, c 'y, d/r are the lengths of the projections 
of three inches on the lines aB, aC and aD respectively. 

When the position of a point with respect to the planes 
containing the three lines AB, AG and AD is known the 
projection of the point may be determined. Thus to find 
the projection of a point V: a^ is the projection of its distance 
from the plane BAD\ at, the projection of its distance from 
the plane BAG; and jv, the projection of its distance from 
the plane BA G. This line jv is parallel to aB, and conse- 
quently its length is found by setting off on ab' the actual 
distance of Ffrom GAD, and finding the projection of that 
distance on eb'. 



Example I. Fig. 109. 

To draw the projection of a cube of one inch side when the 
angles between the projections of its edges are given. 

om, on and ol are the directions of the three edges. In 
this and the following examples the axes are taken parallel 
to aB, aCand aD in fig. 108, so that their inclinations are 
the same as in that figure. 

Gonstruction. Set off one inch on each of the lines a'b\ 
acl, ad^, and find the lengths of the projections on the line 
b'q. These projections are the distances ol, on and om, which 
being set off on the axes from o give the angular points of 
the cube, I, m, and n. Each of the other edges is parallel to 
one of these; so that the projection is completed by drawing 
through m the lines ma and mc parallel respectively to on 
and ol ; through n drawing the lines na and rib parallel to om 
and ol respectively; finally, lines being drawn through a, b, 
a parallel to the given edges, tTae "^gvite is completed. 
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KxAMPLE 11. Figs. 110 and 111. 

Figure 110 is the plan and elevation of a mortice and 
tenon joint ; figure 111 is the axometric projection of the 
same: in the latter the two pieces are shown separate, the 
tenon being supposed to be drawn out of the mortice. The 
three edges of the solid through are taken for axes. o/6' 
being set off on ah', fig. 108, and its projection on e'h' found 
gives op ; pd" is drawn parallel to on ; and ph'\ pd" are made 
equal respectively to the projections of 0^6, o^d, as measured 
on the line a'd^ ; Va' is the projection of ha, obtained from 
ad/; h"f" is the projection of b'f, which is parallel to ol. The 
remaining lines are foimd by drawing through p, a", V\ d" 
and/" lines parallel to the axes as in the last example. The 
rest of the construction will be evident from the figure. 
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Example III. Figs. 112 and 113. 

Fig. 112 is the plan and elevation of a brass bush for 
the small end of a connecting-rod, and fig. 113 is its axo- 
metric projection. The' lines chosen for axes are the tan- 
gents to the circle AJB^G^ at the points JS^ and G , and the 
line through 0^ at right angles to the plane of that circle. 
ol, om and on are the projections of these axes. Instead of 
finding the projection of each line of the solid directly from 
fig. 108 a scale is drawn for each axis and lines parallel to it. 
Scale (1) is that for fig. 112 as well as those lines on fig. 113 
which are parallel to the plane of projection. (2) is the 
scale for the axis ol and lines parallel to it. It is obtained 
as follows : — A certain number of inches — in this case six — 
measured on scale (1) are set off on 6'a', fig. 108, from V to p\ 
and b'p, the projection of 6jp', represents 6 inches on scale (2). 
Scales (3) and (4) are those for om and on respectively, and 
for lines parallel to them. They are obtained in a similar 
way to (2) by setting off c/g' and d/r*', each equal to 6 inches, 
and finding their projections c/j and d/r. 

To find the projection of the circle A^B^G^. This may 
be done by any one of the three following methods. 

1. The projections of any number of points on the circle 
may be determined by taking their respective distances 
from the two axes o/Z/ and o/m^ and finding the projections 
of those distances on fig. 108 as in the two previous ex- 
amples : the distances on fig. 112 being measured on scale 
(1), the corresponding distances on fig. 113 are found from 
scales (2) and (3). 

2. A square being drawn circumscribing the circle, the 
projection of that square is the parallelogram oinpl ; that is, 
oi = 4J inches measured from scale (2), and om the same 
distance measured from scale (3). The ellipse required can 
now be inscribed in the parallelogram ompl by means of 

Plane Geometry. 
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3. By finding the centre and axes of the ellipse. The 
centre of the ellipse is the projection of the centre of the 
circle, and is found by making ob = 2f inches, measured from 
scale (2), and be, parallel to om, = 2| inches, from scale (8). 
The major axis is the projection of that diameter of the 
circle which is parallel to the plane of projection, that is a 
line through e parallel to the horizontal trace of the plane of 
the axes ol and om. But the trace of that plane is at right 
angles to on. Therefore drawing through e the line fg at 
right angles to on, and making ef, eg each equal to 2f inches, 
on scale (1), fg is the major axis of the ellipse. The minor 
axis is found from fig. 108. It is the projection of a line 4| 
inches long in the plane lorn, at right angles to the trace of 
that plane. Hence finding the inclination of AF, fig. 108, 
and the projection of a line of the required length, measured 
on it from scale (1), gives the minor axis, hk. The ellipse 
can now be drawn from the axes by any of the well-known 
methods. 

The ellipse sqt has the same centre e and its axes are in 
the same ratio to one another; so that making eq and er 
each 1^ inches, measured from scale (1), and drawing through 
q a line qt parallel to /A?, the axes of the ellipse are found. 

All the other ellipses of the Axometric Projection may be 
drawn in a similar manner. Their planes are all parallel to 
the plane o( A^B^C^, and their axes are consequently parallel 
to fg and hk respectively, and are in the same ratio to each 
other. 
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Isometric Projection. 

If two of the angles in fig. 108 were made equal to each 
other the two lines which contain the third angle would have 
the same inclination, and the same scale would in consequence 
serve for both. Thus if BaC and BaD were equal, aC 
and aD would be equal. For in the two right-angled tri- 
angles BaF, BaG, the angles BaF and BaO being equal, and 
Ba common to the two triangles, aF would be equal to aG; 
and in the two right-angled triangles CaF, DaG, the sides 
aF, aQ being equal, and also the angles CaF and BaO, the 
side aC would be equal to aD. As can be readily seen 
from the figure, aC and aD being equal must be equally in- 
clined to the horizontal plane. 




Again, if the three angles were equal to one another the 
three axes would have the same inclination. When the 
same scale serves for the three axes, the projection is said 
to be Isometric. 

Fig. 114 is the isometric projection of a cube of 1 inch 
side. The three edges of the cube are taken fex ^"Lfisa», T^^^<^ 
lines being drawn making angles o? liQ? ^\flti ona ^s^^^N^'e^^-* 
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the projection of 1 inch measured on each may be found 
either as in fig. 108 or as follows : — 

The line mn being at right angles to ol is parallel to the 
plane of projection, and is therefore equal to the real length 
of the diagonal of the square face of the cube. If then eA^ 
be drawn perpendicular to en and made equal to it, A^n is 
the side of the square. But it is evident the angle Afin = 120^ 
and the angle eA^n = 45®; so that if a triangle be constructed, 
in any convenient position, having an angle of 120° and an 
angle of 45°, the ratio between the true length of any line 
parallel to one of the axes and its isometric projection is 
as the side opposite the angle of 120° to the side opposite the 
angle of 45°. In this way an isometric scale can at once be 
constructed from the natural scale. The method of drawing 
an isometric projection is so similar to that already described 
for any three axes that it is unnecessary to enter into further 
details. It is in fact a simple case of Axometric Projection. 
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W. V. Wilson, M.A., Fellow of St. John's College, Cambridge, 
and Professor of Mathematics in Queen's College, Belfast 8vo. 
Qj. dd, 

Wolstenholmc—A BOOK OF MATHEMATICAL 
PROBLEMS, on Subjects included in the Cambridge Course. 
By Joseph Wolstenholme, Fellow of Christ's CoUege, some 
time Fellow of St. John's College, and lately Lecturer in Mathi^ 
matics at Christ's College. Crown 8vo. cloth. 8; . 6^. 

Young.— SIMPLE PRACTICAL METHODS OF CALCU- 
LATING STRAINS ON GIRDERS, ARCHES, AND 
TRUSSES. With a Strpplementary Essay on Economy in suspen- 
sion Bridges. By E. W. Young, Associate of King's College, 
London, and Men^ber of the Institution of Civil Engineers. 8va 
7j. dd. 

**An excellent combination of theoretical inethods of finding strains 
in beams and stntctures^ as modified by practical experience, Tht 
reasoning is deary and the equations are simple enough, and do not 
require more than a knowledge of elementary algebra and trigono- 
metry for their solution. The diagrams are especially clear,** -^ 
Architect 
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Airy (G. B.)— POPULAR ASTRONOMY. With lUustrations. 
By Sir G. B. Airy, KX.B., Astronomer Royal. Eighth Edition. 
i8mo. cloth. 4.r. 6^. 

Bastian^ — Works by H. Charlton Bastiaw, M.D., F.R.S., 
Professor of Pathological Anatomy in University College, London, 
&€.:— 

THE BEGINNINGS OF LIFE : Being some Account of the Nature, 

Modes of Origin, and Transformations of Lower Organisms. In 

Two Volumes. With upwards of lOo Illustrations. Crown 8vo. 28j. 

"// is a book that cannot be ignored^ and must inev&ably lead to 

renewed discussions and repeated observations, and through these to 

the establishment of truth, ^* — A. R. Wallace in Nature. 

EVOLUTION AND THE ORIGIN OF LIFE. Crown 8vb. 
ds, 6^. 

*^ Abounds in information of interest to the student of biological 
scieMce"—'Ptiily News. 

Blake.— ASTRONOMICAL MYTHS. Based' on Flkmmarion's 
"The Heavens." By John F. Blake. With numerous Illustra- 
tions. Crown Svo. 9^. 

Blanford (H. F.)— rudiments GV PHYSICAL GEO- 
GRAPHY FOR THE USE OF INDIAN SCHOOLS. By 
H. F. Blanford, F.G.S. With numerous Illustrations and 
Glossary of Technical Terms employed. New Edition. Qlobe 
Svo. 2s. 6d. 

« 

Bftfenford (W. T.)— GEOLOGY ANt> ZOOLOGY OF 
ABYSSINIA. By W. T. Blanford. Svo. zis. 
With Coloured Illustrations and Geological Map. **The result of 
his labours" the Academy says, ^^ is an important contribtUion 
to the natural history of the country, " 



Bosanquet— AN ELJeiMENTARY treatise on MUSICAL 
INTERVALS AND TEMPERAMENT. With an Account of 
an Enharmonic Harmonium exhibited in the Loan Collection of 
Scientific Instruments, South Kensington, 1S76 ; also of an Enhar- 
monic Organ exhibited to the Musical Association of London, 
. May, 1875. By R. H. Bosanquet, Fellow of St. John's College, 
Oxford. Svo. 6s. 
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Cooke (Josiah P., Jun.)— first principles of 

CHEMICAL PHILOSOPHY. By Josiah P. Cooke, Jun., 
Ervine Professor of Chemistry and liiuneralogy in Harvard College. 
Third Edition, revised and corrected. Crown 8vo. I2s. 

Cooke (M. • C.)— HANDBOOK OF BRITISH FUNGI, 
with full descriptions of all the Species, and Illustrations of the 
Genera. By M. C. Cooke, M.A. Two vols, crown 8vo. 24J. 
" Will maintain its place as the standard English bookf on the 
subject of which it treats^ for mar^ years to corned — Standard. 

DawkinS,— CAVE-HUNTING : Researches on the Evidence of 
Caves respecting the Early Inhabitants of Europe. By W. Boyd ' 
Dawkins, F.R.S., &c., Lecturer in Geology at Owens College, 
Manchester. With Coloured Plate and Woodcuts. 8va 211. 

** The mass of information he has brought together^ with the jttdicious 
use he has made of his materials, will be found to invest his book 
with much of new and singular value," — Saturday Review. 

Dawson (J. W.)— ACADIAN geology. The Geologic 
Structure, Organic Remains, and Mineral Resources of Nova 
Scotia, New Branswick, and Prince Edward Island. By John 
William Dawson, M.A., LL.D., F.R.S., F.G.S., Principal and 
Vice-Chancellor df M*Gill College and University, Montreal, &c. 
Second Edition, revised and enlarged. With a Geological Map 
and numerous lUus^ations. Svo. i8j. 

**7%^ book toUi doubtless find a place in the library, not only oj 
the scientific geologist, but also of all who are desirous of the in- 
dustrial progress and commercial prosperity of the Acadian pro- 
vinces," — Mining Journal. 

Forbes,— THE TRANSIT OF VENUS. By George Forbes, 
B. A. , Professor of Natural PJiilosophy in the Andersonian Univer- 
sity of Glasgow. With numerous Illustrations. Crown Svo. 3^. dd, 

^^ Professor Forbes has done his work admirably," — Popular Science 
Review. *'* A compact sketch of the whole matter in all its as- 
pects." — Saturday Review. 

Foster and Balfour.— ELEMENTS OF EMBRYOLOGY. 

By Michael Foster^ M.D., F.R.S., andF. M. Balfour, M.A., 
Fellow of Trinity CoUege, Cambridge. With numerous Illustra- 
tions. Part I. Second Edition. Crown Svo. 7s. 6d, 

Galton. — Works by Francis Galton, F.R.S. :— 
METEOROGRAPHICA, or Methods of Mapping the Weather. 
Illustrated by upwards of 600 Printed Lithographic Diagrams. 
4to. 9J. 
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QBlton— continued. 

HEREDITARY GENIUS : An Inquiry into its Laws and Con- 
sequences. Demy 8vo. I2j. 

The Times calls il ** a most able and most interesting book;" and 
Mr. Darwin, in his ** Descent of Man" (vol. i./. iii), saySj ** We 
know, through the admirable labours of Mr, Gallon^ that Genius 
tends to be inherited." 

ENGLISH MEN OF SCIENCE; THEIR NATURE AND 
NURTURE. 8vo. &r. 6d. 
** The book is certainly one of very great interest.^ — Nature. 

Geikie.— ELEMENTARY LESSONS IN PHYSICAL GEO- 
GRAPHY. With numerous Illustrations. By Archibald 
Geikie, LL.D., F.R.S., Murchison Professor of Geology and 
Mineralogy at Edinburgh. i8mo. ^r. 6</. 

Gordon.— AN ELEMENTARY BOOK ON HEAT. By J. E. 
H. Gordon, B.A., Gonville and Caius College, Cambridge. 
Crown Svo. 2J. 

Guillemin.— THE FORCES OF NATURE : A Popular Intro- 
duction to the Study of Physical Phenomena. By Ami^di^e 
Guillemin. Translated from the French by Mrs, Norman 
LocKYER ; and Edited, with Additions and Notes, by J. Norman 
Lockyer, F.R.S. Illustrated by 455 Woodcuts. Cheap Edition, 
in 18 Monthly Parts, price \s. each. (Part i in May.) 
** Translator and Editor have done justice to their trust. The 
text has all the force and flow of original ivriting, combining 
faithfulness to the author's meaning with purity and independence 
in regard to idiom ; while the historical precision and accuracy 
pervading the work throughout^ speak of the watchful -edUorial 
supervision which has been given to every scientific detail. Nothing 
can well exceed the clearness and delicacy oj the illustrative wood- 
cuts. Altogether, the work may be said to have no parallel^ other 
in point of fulness or attraction, as a popular manual of physical 
science. . . • . . What we feel, however, bound to say^ and 
what we say with pleasure, is, that among works of its class no 
publication can stand comparison either in literary completeness or 
in artistic grace with it." — Saturday Review. 

THE APPLICATIONS OF PHYSICAL FORCES. By A. 

Guillemin. Translated from the French by Mrs. Lockyer, and 

Edited with Notes and Additions iby J. N. Lockyer, F.R.S. 

With Coloured Plates and numerous Illustrations. Imperial 8vo. 

cloth, extra gilt 3df. 

** A book which we can heartily recommend, both on account of the 
width and soundness of its contents, and also because of the excel- 
lence of its print, its illustrations, and external appearance." — 
Westminster Review. 
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Hanbury.— SCIENCE PAPERS : chiefly Pharmacological and 
Botanical. By Daniel Hanbury, F.R.S. Edited, with 
Memoir, by J. Ince, F.L.S., and Portrait engraved by C H. 
Jeens. 8vo. I4r. 

Henslow.— THE theory of evolution of living 

THINGS, and Application of the Pcincifdes of Evolution to 
Religion considered as. Illustrative of the Wisdom and Benefi- 
cence of the Almighty. By the Rev. George Henslow, 
M.A., F.L.S. Crown 8vo. 6s, 

" In one thing Mr, Henslow has done great good: he has shown 
thai it is consistent with a full dogmatic belief to. hold opinions 
very different from those taught as Natvral Theology some half- 
century ago." — Nature. 

Hdoker. — Works by J. D. Hooker, CB., M.D., D.C.L., 

President of the Royal Society : — 

THE STUDENT'S FLORA OF THE BRITISH ISLANDS. 
Second Edition, revised. Globe 8vo. los. bd. 

The object of thk work is to supply students andfield-botamsts with a 
fuller account of the Plants of the British Islands than the manuals 
hitherto in use awn at gizdng^ ^* Certainly the fullest and most 
accurate manual of the kind that has yet appeared, Dr, Hooker 
has shown his characteristic industry and abHity in the care and 
skill which he has thrown into- the charaeters ofthepktnts. These 
are to a great extent original, and are really admirable for their 
combination of clearness, brevity, and completenese." — Pall Mall 
Gazette. 

PRIMER OF BOTANY. With Illustrations. i8mo. is. New 
Edition, revised and corrected. 

Huxley and Martin.— a COURSE OF PRACTICAL IN- 
STRUCTION IN ELEMENTARY BIOLOGY. By T. H. 
Huxley, LL.D., Sec R.S., assisted by H. N. Martin, B.A., 
M.B.,D.Sc, Fellow of Christ's College, Cambridge. Crown 8vo. 
6s. 
** This is the most thoroughly valuable book to teachers and students 

of biology which has ever appeared in the English tongue," — 

London Quarterly Review. 

Huxley (Professor).— LAY SERMONS, ADDRESSES, 

AND REVIEWS. ByT. H. Huxley, LL.D., F.R.S. New 

and Cheaper Edition. Crown 8vo. 7^. 6d, 

Fourteen Discourses on the following sudjecis: — (t) On the Advisable- 
ness of Improving Natural /knowledge :---{2) Emancipation — 
Black and White : — (3) A Liberal Education, and where to find 
it:~-{j^) Scientific Education :^{S) On the Educational Value of 
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Huxley (Professor) — continued, 

ike Natural History Sciences: — (6) On the Study of Zoology: — 
(7) On the Physical Basis of Life: — (8) The Scientific Aspects of 
Positivism: — (9) On a Piece of Chalk: — (10) Geological Content' 
poraneity and Persistent Types of Life : — ( 1 1 ) Geological Reform : — 
(12) The Origin of Species: — (13) Criticisms on tke ** Origin of 
Species:" — (14) On Descartei *^ Discourse toucking the Makod 0/ 
using Onis Reason rigktly and of seeking Scientific Trtctk" 

ESSAYS SELECTED FROM "LAY SERMONS, AD- 
DRESSES, AND REVIEWS.*' Second Edition. Crown 8vo. 

IS. 

CRITIQUES AND ADDRESSES. 8v©. lOf. td. 

Contents: — i. AdnUnistrcUive Nikilism. 2» Tke School Boards: 
what they can do, and what tkey may do. 3. On Mediccd Edu' 
cation. 4. Yeast. 5. On tke Formaiion of Coal. 6. On Coral 
and Coral Reefs. 7. On tke Metkods and Results of Etknology. 
8. On some Fixed Points in Britisk Etknology. 9. Palceontology 
and tke Doctrine of Evolution. 10. Biogenesis and A biogenesis. 
II. Mr. Darwin^ s Critics, 12. Tke Genealogy of A-mmals. 
13. Bishop Berkeley on tke Metapkysics of Sensation. 

LESSONS IN ELEMENTARY PHYSIOLOGY. With numerous 

Illustrations. New Edition. i8mo. cloth. ^. 6d, 

Tkis book describes and explains , in a series of graduated lessons , tke 

principles of Human Physiology, or the Structure and Functions 

of the Human Body. ^* Ptire gold throughout." — Gruardian. 

** Unquestionably tke clearest and most complete elementary treatise 

on tkis subject tkat we possess in any language." — Westminster 

Review. 

AMERICAN ADDRESSES v with a Lectuie on the Study of 
Biology. 8v€K 6j. 6d, 

Jellet (John H., B.D.) — a TREATISE ON THE 
THEORY OF EVICTION. By Jt>H?^ H. Jellet, B.D., 
Senior Fellow of Trinity College, Dublin ; President of the Roy^ 
Irish Academy. 8vo. Sif. 6d. 

** Tke book supplies a want wkick kas hitherto existed in the science 
of pure mechanics." — Engineer. 

Jones.— THE OWENS COLLEGE JUNIOR COURSE OF 
PRACTICAL CHEMISTRY. By Francis Jones^ Chemical 
Master in the Gramnlar School, Manchester. With Preface by 
Professor RoscoE. New Edition. i8mo. witi Illustrations. 2j. 6^. 

Kingsley.— GLAUCUS : OR, THE WONDERS OF THE 
SHORE. By Charles Kingsley, Oinon of Westminster. 
New Edition, revised and corrected, with numerous Coloured 
Plates. Crown 8vo. 5j. . 
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KirchhofF (G.)— RESEARCHES ON THE SOLAR SPEC- 
TRUM, and the Spectra of the Chemical Elements. By G. 
KiRCHHOFP, Professor of Physics in the University of Heidelberg. 
Second Part Translated, with the Author's Sanction, from the 
Transactions of the Berlin Academy for 1862, by Henry R. 
RoscoE, B.A., Ph.D., F.R.S., Professor of Chemistry in Owens 
College, Manchester. Part II. 4to. 5^. 

Lockyer (J. N.) — Works by J. Norman Lockyer, F.R.S.— 
ELEMENTARY LESSONS IN ASTRONOMY. With nu- 
merous Illustrations. New Edition. i8mo. 5j. 6ef, 

** The book is full ^ clear y sounds and worthy of attention^ not only as 
a popular exposition^ but as a scient^ * Index,*** — Athenaeum. 
" The most fascinating of demeniary hooks on the Sciences** — 
Nonconformist. 

THE SPECTROSCOPE AND ITS APPLICATIONS. By J. 
Norman Lockyer, F.R.S. With Coloured Plate and numerous 
Illustrations. Second Edition. Crown Svo. 3^. dd. 

CONTRIBUTIONS TO SOLAR PHYSICS. By J. Norman 

Lockyer, F.R.S. LA Popular Account of Inquiries into the 

Physical Constitution of the Sun, with especial reference to Recent 

Spectroscopic Researches. II. Communications to the Royal 

Society of London and the French Academy of Sciences, with 

Notes. Illustrated by 7 Coloured Lithographic Plates aiid 175 

Woodcuts. Royal Svo. cloth, extra gilt, price 3IJ. 6</. 

" The first part of the work, presenting the reader with a continuous 

sketch of the history of the various inquiries into the physical con^ 

stitution of the sun, cannot faU to be of interest to aU who care for 

the revelations of modern science; and the interest will be enhanced 

by the excellence of the numerous illustrations by which it is CKcom- 

panied** — Athenaeum. *' The book may be taken as an authentic 

exposition of the present state of science in connection with the im- 

portant subject of spectroscopic analysis, , , , Even the unscientific 

public may derive much information from it*'* — Daily News. 

Lubbock. — Works by Sir John Lubbock, M.P., F.R.S., 

D.C.L. :— 
; THE ORIGIN AND METAMORPHOSES OF INSECTS. 

With Numerous Illustrations. Second Edition. Crown Svo. 3^. (id 

**As a summary of the phenomena of insect metamorphoses his little 
book is of great value, and will be read with interest and profit 
by all students of natural history. The whole chapter on the 
origin of insects is most interesting dnd valuable. The illustra- 
tions are numerous and good.** — Westminster Review. 

ON BRITISH WILD FLOWERS CONSIDERED IN RELA- 
TION TO INSECTS. With Numerous Illustrations. Second 
Edition. Crown Svo. 4r. 6d, 
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Macmillan (Rev. Hugh) For other Works by the same 

Author, see Theological Catalogue. 

HOLIDAYS ON HIGH LANDS ; or, Rambles and Incidents m 
search of Alpine Plants. Globe 8vo. cloth. 6j. 

*^ Ofu of the most charming hooks of Us kind ever written.^^ — 
Literary Churchman. ^* Mr. MacmillafCs glorudng pictures of 
Scandinavian scenery,*^ — Saturday Review. 

FIRST FORMS OF VEGETATION. Second Edition, corrected 
and enlarged, with Coloured Frontispiece and numerous Illustra- 
tions. Globe 8vo. dr. 

The first edition of this book was published under the name of 
** Footnotes from the Page of Nature j or. First Forms of Vegeta- 
tion" This edition contains upwards of loo pages of new 
matter and eleven new illustraiions, ^^ Probably the best popular 
guide to the study of mosses^ lichens^ and fungi ever written. Its 
practical value as a help to the student and collector cannot be 
exaggerated." — Manchester Examiner. 

Mansfield (C. B.)— Works by the late C. B. Mansfield :— 

A THEORY OF SALTS. A Treatise on the Constitution of 
Bipolar (two-membered) Chemical Compounds. Crown 8vo. i^r. 

AERIAL NAVIGATION. The Problem, with Hints for its 
Solution. Edited by R. B. Mansfield. With a Preface by J. 
M. Ludlow. With Illustrations. Crown Svo. ' lor. 6d. 

Miller.— THE ROMANCE OF ASTRONOMY. By R. Kalley 
Miller, M.A., Fellow and Assistant Tutor of St Peter's Col- 
lege, Cambridge. Second Edition, revised and enlaiged. Crown 
8yo. 3j. 6d, 

Mivart (St, George). — Works by St. George Mivart,F.R.S. 
&c., Lecturer in Comparative Anatoiny at St. Mary's Hospital: — 

ON THE GENESIS OF SPECIES. Crown 8vo. Second 
Edition, to which notes have been added in reference and reply to 
Darwin's ** Descent of Man." With numerous Illustrations, pp. 
XV. 296. 9J. 

** In no work in the En^ish language has this great controversy 
been treated at once with the same broad and vigorous grasp of 
facts f and the same liberal and candid temper.^"* — Saturday 
Review. 

THE COMMON FROG. With Numerous Illustrations. Crown 
Svo. 3 J. (id. (Nature Series.) 
** i? is an able monogram of the Frog, and something more. It 

throws valuable crosslights over wide portions of animated nature. 

Would that such works were more plentiful,** — Quarterly Journal 

of Science. 
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Murphy.-— Works by Joseph John Murphy r^ — 

HABIT AND INTELLIGENCE, in Connection with the Laws of 
Matter and Force : A Series of Scientific Essays. New Edition. 

\J[n the Press, 
THE SCIENTIFIC BASES OF FAITH. 8vo, 14J. 

Nature.— A weekly illustrated journal of 

SCIENCE. Published every Thursday. Price 4^. Monthly 
Parts, \s. 4^. and \s, %d, % Half-yearly Volumes, lOf. 6d^ Cases for 
binding Vols. \s, 6d. 

** This able and well-edited ^j^mal, which posts up the science of 
the day promptly^ and promises to be of signed service to students 
and sat/cmts, .... Scarcely any expressions that we can employ 
would exaggerate our sense of the moral and theological value of 
the w^v^t.*— British Quarterly Review. 

Oliver.— Works by Daniel Oliver, F.R.S., F.L.S., Professor of 
Botany in University College, London, and Keeper of the Herba- 
rium and Librady .of the Royal Gardens, Kew : — 

LESSONS IN ELEMENTARY BOTANY. With nearly Two 
Hundred Illustrations. New Edition. i6mo doth. ^, 6d, 

This book is designed to teach the elements of Botany on Professor 
Henslauf s plan of selected Types and by the use of Schedules, The 
tarlier chapters^ embrcuing the elements cf Structural and Physio- 
logical Botany y introduce us to the methodictd study of the Ordinal 
Types, The concluding chapters are entitled^ ** How to Dry 
Plants " and **" How to Describe Plants,''* A valuable Glossary is 
appended to the volume. In the preparation of this work free use 
has been made of the manuscript m^UericUs of the late Professor 
Henslow, 

FIRST BOOK OF INDIAN BOTANY. With numerous 
Illustrations. Extra fcap. 8vo. 6x. 6d, 

*Wt contains a welUdigested summary of all essential knowledge 
pertaining to Indian Botany^ wrought out in accordance with the 
best principles of scientific arrangement.*^ — Allen's Indian Mail. 

Penrose (F. C.)— ON A METHOD OF predicting BY 

GRAPHICAL CONSTRUCTION, OCCULTATIONS OF 
STARS BY THE MOON, AND SOLAR ECLIPSES FOR 
ANY GIVEN PLACE. Together with more rigorous methods 
for the Accurate Calculation of Longitude. By F. C. Penrose, 
F.R.A.S. With Charts, Tables, &c. 4to. lis. 

Perry.— AN ELEMENTARY TREATISE ON ^TEAM. By 
John Perry, B.E., Whit worth Scholar, &q., late Lecturer in Physics 
at Clifton College. With numerous Woodcuts, Numerical ]^camples, 
and Exercises. l8mo. ^. 6d, 
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Perry — continued. ' J 

"ilfr. Perry has in this compact little iflunie brot^fU .together an 
immense amount 0/ information^ new told^ regaming, steam and 
its application^ not the least 0/ its merits being that it is suited to 
the capacities alike of the tyro in engineering science or the better 
grade of artisan. " — Iron. 

Pickering.— ELEMENTS OF PHYSICAL MANIPULATION. 
By E. C. PiCKERiNO, ThavOT Professor of Physics ia the Massa- 
chusetts Institute of Technology. Part I., raediitm 8vo. los. 6d. 
a- Part II., los, 6d. 

** JVe shall look with interest for the appearance of the second volume, 
and "when finished * Physical Manipukiion^ will no doubt be 
considered the best and most complete text-book on the subject oj 
which it treats.** — ^Nature. 

Prestwich.— THE PAST AND FUTURE OF GEOLOGY. 
An Inajugural Lecture, by J. Prestwicu, M.A., F.R.S., &c., 
Profjessor of Geology, Oxford. 8yo, zs. 

Rendu.-r-THE theory of the glaciers of SAVOY. 
By M. LE Chanoine Rendu. Translated by A. Welw, Q.C, 
late President of the Alpine Club. To which are added, the Original 
Memoir and Supplementary Articles by Professors Tait and Rus- 
KIN. Edited with Introductory remarks by George Forbes, B.A., 
Professor /of Natural Philosophy inth^ Andersonian University; 
Glasgow. 8vo. *js, 6d» 

Roscoe. — Works by HENRY E. Roscoe, F.R.S., Professor of 
Chemistry -in Owens Cokege; Manchester : — 

LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 

AND ORGANIC. "With numerous Illustrations and Chromo- 

litho of the Solar Spectrum, and of the Alkalies and Alkaline 

Earths. • New Edition. i8mo. cloth. 4r. 6r/. 
CHEMICAL PROBLEMS, adapted to the above by Professor 

Thorpe, Fifth Edition, with Key. ^. 

** We unhesUcUingly pronounce it the best fif aJl our elementary 
treatises on Chemistry.** — Medical Times. 
SPECTRUM ANALYSIS. Six Lectures, with Appendices, En- 

gravings. Maps, and Chromolithographs. Royal 8vo. 21s. 

A Third Edition of these popular Lectures, containing all the most 
recent discoveries and several additional illustrations. '' The 
lectures themselves furnish a most (ulmirable elementary treatise 
Oft the subject, whilst by the insertion in appendices to each lecture 
of extracts from the most important published memoirs, the author 
has rendered it equally valuable as a text-book for advanced 
student^.** — Westminster Review, 

Roscoe and Schorlemmer. — a TREATISE ON CHE- 
MISTRY. By Professors Roscoe and Schorlemmer. With 
numerous Illustrations. Vol. I. Medium 8vo. [Nearly ready. 
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Rumford (Count).— the life and complete works 

OF BENJAMIN THOMPSON, COUNT RUMFORD. With 
Notice^ ot his Daughter. By GeosjGB Ellis. With Portrait 
Five Vols. 8vo. ^^4 i^. 6d. 

Schorlemmer.— -A MANUAL OF THE chemistry of 

THE CARBON COMPOUNDS OR ORGANIC CHEMISTRY. 
By C. ScHORLEMMER, F.R.S., Lecturer in Organic Chemistry in 
Owens CoUege, Manchester. 8va 14JV : 
"// appears to us to be as complete a manudl <^the metamorphoses of 

carbon as could be at present produced, and U must prove eminently 

useful to the chemical student, '* — Athenaeum. 

Smith.— HISTORIA FILICUM : An Exposition of the Nature, 
Number, and Organc^aphy of Ferns, and Review of the Prin- 
ciples upon which Genera are founded, and the Systems of Qassifi- 
cation of the principal Authors, with a new General Arran^ment, 
&c By J. Smith. A.L.Sw, 6x-Curator of the Royal Botanic 
Garden, Kew. With Thirty Lithographic Plates by W. H. FiTCH, 
F.L.S. Crown 8 vo. I2r. 6^. 

**iV^ one anxious to work up a thorough knowledge of ferns can 
afford to do without it" — Gardener's Chronicle. 

SpOttiswOOde.— POLARIZATION OF LIGHT. By W. 
Spottiswoode, F.R.S. With numerous Illustratioos. Second 
Edition. . Crown 8vo. y. 6d, (Nature Series.) 
** The illustrations are exceedingly well adapted to. assist in making 

the text comprehensible,^^ — Athenaeunu **^ clear, trustworthy 

manual,** — Standard. 

Stewart (B.) — Works by Balfour Stewart, F.R.S., Professor 
of Natural Philosophy in Owens College, Manchester ? — 

LESSONS IN ELEMENTARY PHYSICS. With numerous 
Illustrations and Chromolithos of the Spectra of the Sun, Stars, 
and Nebulae. New Edition. i8mo» 4s, 6d, 

The Educational Times calls this the beau-idial of a scientific text- 
book, clear, accurate, and thorough,** 

PRIMER OF PHYSICS. With Illustrati<»s. New Edition, with 
Questions. i8mo. i^. 

Stewart and Tait.— THE UNSEEN UNIVERSE: or, 

Physical Speculations on a Future State. By Balfour Stewart, 

F.R.S., and P. G. Tait, M. A. Sixth Edition. Crown 8vo. 6s. 

" 7 he book is one which well deserves the attenHen of thoughtful and 

religious readers, , , , It is a perfectly sober inquiry, on scientific 

grounds, into thepossibilities.^f. a j/uture exisfdftce,^* — Guardian. 
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Tait.— LECTURES ON SOME RECENT ADVANCES IN 
PHYSICAL SCIENCE. By ?. G. Tait, M.A., Proftssor of 
Philosophy in the University of Edinburgh. Second ' edition, 
revised and enlarged, with the Lecture on Foyce delivered before 
the British Association. Crown 8vo. 9^. 

Taylor.— SOUND and music : A NonrMathematical Tre^. 
tise on the Physical Constitution of Musical Sounds and Harmony, 
includiijg the Chief Acoustical Discoveries of Professor Helm- 
hoitz. By Sedley Taylor, M.A., late Fellow of Trinity Col- 
ledge, Cambridge. Large cyown 8vo. Zf. dd, 
*^ in no previotis scientific treatise do we remember so exhaHsHve and 

so richly illustrc^ed a description of forms of vibration and of 

wave-motion in ;f«ii^."~ Musical Standard. 

Thomson. — Works by SiR Wyville Thomson, K.C,B., F.R.S. 

THE DEPtHS OF THE SEA : An Account of the General 
Results of the Dredging Cruises of H.M.SS. "Porcupine" and 
** Lightning " during the Summers of 1868-69 and 70, under the 
scientifip direction of Dr. Carpenter, F.R.S., J. Gwyn Jeffreys, 
y.R.S., and Sir Wyville Thomson, F.R.S. With nearly lOp 
lUustratioDs and 8 coloured Maps and Plans. Second Edition. 
Royal 8vo. cloth, gilt. '\is. 6d. 

The Athenaeum says : ** The book is full of vnterestiug matter^ and 
is written by a master of the art of popular expositions, -It is 
excellently Ulustrated, both coloured maps and woodcuts possessing 
high merit. Those who have cUready become interested in dredging 
operations will of course make a point of reading this yfork ; those 
who wish to be pleasantly introduced to the subject^ and rightly 
to appreciate the news which arrives from time to time from the 
■ Challenger y should not fail to seek instruction from it," 

THE VOYAGE OF THE " CI^ALLENGER."— THE ATLAN- 
TIC. A Preliminary account of the Exploring Voyages of H.M.S. 
"Challenger," during the year 1873 and the early part of 1876, 
With nuqierous Illustrations, Coloured Maps apd Ch^urts, and Por- 
trait of the Author, engraved by C. H. Jeens. ? Vols. Medium 
8vo. Uniform with ** Depths of the Sea." [Nearly ready, 

Thudichum and Dupre — a TREATISE ON THE 

ORIGIN, NATURE, AND VARIETIES OF WINE. 
Being a Complete Manual of Viticulture and CEnology. By JtX. 
W. Thudichum, M.D., and August DupriJ, Ph.D.,, J;^ctir?»]9ni;i 
Chemistry at Westminster Hospital. Medium 8vo., <A^l^giJlt-.;j25fM; 

*^4 treatise almost uniqne for its usefulness either ta^ihe^^ne-^rmuJK^,' 
the vendor^ or the consumer of wine. The andlyus ti/t,<widi\^e 
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Thudichum and Dupr^ — continued. 

the most complete we have j^et seen, exhUnting tk a glance the 
constituent pnnciples of nearly all the wines known in this country" 
— Wine Trade Review. 

Wallace (A. R.) — Works by Alfred Russbl Wallace. 

CONTRIBUTIONS TO THE THEORY OF NATURAL 
SELECTION. A Series of Essays. New Edition, with 
Corrections and Additions. Crown 8vo. ' 8j. 6^. 

Dr. Hooker, in his address to the British Association, spoke thus 
of the author: **0f Mr. Wallace and his many contributions 
to philosophical biology it is not easy to speak without enthu- 
siasm; for, putting aside their great merits, he, throughout his 
writings, with a modesty as rare as I believe it to oe uncon- 
scious, forgets his own unquestioned claim to the honour of 
having originated independently of Mr. Darwin, the theories 
which he so ably defends.'" The Saturday Review says: ^^He 
has combined an abundance of fresh and original facts with a 
liveliness and sagacity of reasoning which are not often displayed 
so effectively on so small a scaled* 

THE GEOGRAPHICAL DISTRIBUTION OF ANIMALS, 
with a study of the Relations of Living and Extinct Faunas as 
Elucidating the Past Changes of the Earth's Surface. 2 vols. 8vo. 
with Maps, and numerous Illustrations by Zwecker, 42J. 

The Times says: ^''Altogether it is a wonderful and fascincUing 
story, whatever objections may be taken to theories founded upon 
it. Mr. Wallace has not attempted to add to its interest by cmy 
adornments of style ; he has given a simple and clear statement of 
intrinsically interesting facts, and what he considers to be Inti- 
mate inductions from them. Naturalists ought to be grateful to 
him for having undertaken so toilsome a tctsk. The work, tndeed, 
is a credit to all concerned — the author, the publishers, the artist — 
unfortunately now no more — of the attractive illustrations — Uist 
but by no means least, Mr. Stanford's xnap-designer." 

Warington.— THE WEEK OF CREATION; OR, THE 
COSMOGONY OF GENESIS CONSIDERED IN ITS 
RELATION TO MODERN SCIENCE. By George War- 
ington, Author of " The Historic Character of the Pentateuch 
Vindicated." Crown 8vo. 4^. dd. 

Wilson. — Works by the late George Wilson, M.D., F.R.S.E., 
Regius Professor of Technology in the University of Edinburgh : — 

RELIGIO CHEMICI. With a Vignette beautifully engraved after 
a design by Sir Noel Paton. Crown 8vo. %s. 6d. 

*A more fascinating volume," the Spectator says, ** has seldom 
fallen into our hands" 
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Wilson — continued. ^ 

THE PROGRESS OF THE TELEGRAPH. Fcap. 8vo. 14^ 
" While a complete view of the progress of the greatest of huf^n 
inventions is obtained^ all its suggestions are brought out with a 
rare thoughtfulness, a genial humour, and an exceeding beauty of 
utterance, " — Nonconformist. 

Wilson (Daniel.^— -CALIBAN : THE MISSING LINK. By 
Daniel Wilson, LL.D., Professor of History and English Litera- 
ture in University College, Toronto. 8vo. loj. td, 
** The whole volume is most rich in the eloquence of thought and 
imagination as well cls of words. It is a choice contribution at 
once to science, theology, religion, and literature,'*^ — British 
Quarterly Review. 

Winslow.— FORCE AND NATURE : ATTRACTION AND 
REPULSION. The Radical Principles of Energy graphically 
discussed in their Relations to Physic^ and Morphological De- 
velopment. By C. F. Winslow, M.D. 8vo. 14?. 
* ^Deserves thoughtful and conscientious study," — Saturday Review. 

Wurtz A HISTORY OF CHEMICAL THEORY, from the 

Age of Lavoisier down to the present time. By Ad. Wurtz. 
Translated by Henry Watts, F.R.S. Crown 8vo. dr. 
** The discourse, as a resume of chemical theory and research, unites 
singular luminousness and grasp, A few judicious notes are added 
by the translator." — Pall Mall Gazette. ** The treatment of the 
subject is admirable, and the translator has evidently done his duty 
most efficiently." — Westminster Review. 



WORKS ON MENTAL AND MORAL 
PHILOSOPHY, AND ALLIED SUBJECTS. 

Aristotle. — an INTRODUCTION TO ARISTOTLE'S 
RHETORIC. With Analysis, Notes, and Appendices. By E. 
M. Cope, Trinity College, Cambridge. 8vo. i\s. 

ARISTOTLE ON FALLACIES; OR, THE SOPHISTICI 
ELENCHI. With a Translation and Notes by Edward Poste, 
M.A, Fellow of Oriel College, Oxford. 8vo. %s, 6d, 

Birks. — ^Works by the Rev. T. R. Btrks, Professor of Moral Philo- 
sophy, Cambridge : — 
FIRST PRINCIPLES OF MORAL SCIENCE ; or, a First 

Course of Lectures delivered in the University of Cambridge. 

Crown 8vo. 8j. (nt. 
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Birks — €onHnumL 

** TTtis work trmU tf three topics all preliminary to the direct exposi- 
tion of Moral Philosophy, These ate the CeHaihtf and D^nUy 
'•1 of Moral Science^ its Spiritual Geography, or relation to other 
main subjects of human thought^ ami its FormaHve Principles, or 
some elementary truths on which its whole development must 
depend. 

MODERN UTILITARIANISM; or, ^'he Systems of Paley, 
Bentham, and Mill, Examined and Compared. Crown 8vo. 6s. dl. 

MODERN PHYSICAL FATALISM, AND THE DOCTRINE 
OF EVOLUTION ; including an Examination of Herbert Spen- 
cer's First Principles. Crown 8vo. dr. 

Boole. — AN INVESTIGATION OF THE LAWS OF 
THOUGHT, ON WHICH ARE FOUNDED THE 
MATHEMATICAL THEORIES OF LOGIC AND PRO- 
BABILITIES. By George Boole, LL.D., Professor of 
Mathematics in the Queen's University, Ireland, &c. 8vo. 14J. 

Butler.— LECTURES ON THE HISTORY OF ANCIENT 
PHILOSOPHY. By W. Archer Butler, late Professor ot 
Moral Philosophy in the University of Dublin. Edited from the 
Author's MSS., with Notes, by WilliAm Hepworth Thomp- 
son, M.A., Master of Trinity College, and Regius Professor ol 
Greek in the University of Cambridge. New and Cheaper Edition, 
revised by the Editor. Svo. I2s. 

Calderwodd. — Works by the Rev. Henry CAlUerWood, M.A., 
LL.D., Professor of Moral Philosophy in the University of Edin- 
burgh : — 

PHILOSOPHY OF THE INFINITE : A Treatise oft Man's 
Knowledge of the Infinite Being, in answer to Sir W. Hamilton 
and Dr. Mansel. Cheaper Edition. Svo. *js. 6d. 
**A book of great ability .... written in a clear style, and may 

be easily understood by even those who are not versed in such 

discussions.** — British Quarterly Review. 

A HANDBOOK OF MORAL PHILOSOPHY. New Edition. 
Crown Svo. 6j. 

'// w, we feel convinced, the best handbook on the subject, intellectually 
and morcUly, and does infinite credit to its author, ^ — Standard. 
**A compact and useful work, going over a great deal of ground 
in a manner adapted to suggest and facilitate further study, . . . 
His book will be an assistance to many students outside his own 
University ^Edinburgh.** — Guardian. 
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Fiske.— OUTLINES OF COSMIC PHILOSOPHY, BASED 
ON THE DOCTRINE OF EVOLUTION, WITH CRITI- 
CISMS ON THE POSITIVE PHILOSOPHY. By John 
Fis&E, M.A., LL.B., formerly Lecturer on Philosophy at 
ttarvard University. 2 vols. 8vo. 25^. 

** The work constitutes a 7}ery ejfective encyclopcedia of the evolution* 
\'' dry philosophy y and is well worth the study of all who wish to see 

• ■ }'sqt once the entire scope and purport of the scientific cbgmcUism of 

the day" — Saturday Review. 

.;; Green (J. H.)— spiritual philosophy: Founded on 

V . the Teaching of the late Samuel Taylor Coleridge. By the 

\' late Joseph Henry Green, F.RvS., D.C.L. Edited, with a 

* Memoir of the Author's Life, by John Simon, F.R.S., Medical 
Officer of Her Majesty's Privy Council, and Surgeon to St 
Thomas's HospitaL Two Vols. 8vo. 2$s, 

Jardine. — the ELEMENTS OF THE PSYCHOLOGY OF 
COGNITION. By Robert Jardine, B.D.) D.Sc, Principal of 
the General Assembly's College, Calcutta, and Fellow of the Uni- 
versity of Calcutta. Crown 8vo. 6s. 6d, 

Jevons. — Works by W. Stanley Jevons, M.A., Professor ol 
Logic in Owens College, Manchester. 

TH£ SUBSTITUTION OF SIMILARS, the True Principle of 
Reasoning. Derived from a Modification of Aristotle's Dictum. 
Fcap. 8vo. 2s. 6d. 

**Mr. Jevon^ book ^ very clear and intelligible^ and quiti worth con* 
suiting. " — Guardian. 

THE PRINCIPLES OF SCIENCE. A Treatise on Logic and 
Scientific Method. 2 vols. 8vo. 25J. 

* * PVe believe that this will be recognized in the future as one of the most 
valuable philosophical works of our time." — Manchester Examiner. 

Maccoll. — ^THE GREEK SCEPTICS, from Pyrrho to Sextus. 
An Essay which obtained the Hare Prize in the year 1868. By 
Norman Maccoll, B.A., Scholar of Downing College, Cam- 
bridge. Crown 8vo. 3^. 6d, 

M*Cosh— Works by James M'CosH, LL.D., President of Princeton 

College, New Jersey, U.S. 

*^ He certainly shows himself skilful in thai application of logic to 
psychology y in that inductive science of the human mind which is 
the fine side of English philosophy. His philosophy as a whole is 
worthy of cUteniion." — Revue de Deux Mondes. 

THE METHOD OF THE DIVINE GOVERNMENT, Physical 
and Moral. Tenth Edition. 8vo. los. 6d. 
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M'Cosh — conHmied. 

** This work is distmguished from other similar ones by its bang 
based upon a thorough study of physical science, and an accurate 
knowledge of its present condition, and by Us entering in a 
deeper and more unfettered manner than its predecessors upon the dis- 
cussion of the appropriate psychological, ethical, and theological queS' 
tions, Tlie author keeps aloof at once from the k priori idadism and 
dreaminess of German speculation since ScheUing, and from the 
onesidedness and narrowness of the empiricism and positivism 
which have so prevailedin EnglandJ^ — ^Dr. Ulrici, in ''2^tschrift 
fur Philosophic." 

THE INTUITIONS OF THE MIND. A New Edition. 8w. 

cloth. lOf. 6d, 

'* TTie undertaking to adjust the claims of the sensational and in- 
tuitionai philosophies, and of the ^ posteriori am/ it priori methods, 
is accomplished in this work with a great amount of success.** — 
Westminster Review. **/ tfalue it for its large acquaintance 
with English Philosophy, which hcu not led hun to neglect the 
qreat German works. I admire the moderation and clearness, as 
well as comprehensiveness, of the author's views** — ^Dr, Domer, of 
Berlin. 

AN EXAMINATION OF MR. J. S. MILL'S PHILOSOPHY: 
Being a Defence of Fundamental Truth. Second edition, with 
additions. \os. 6d, 

^*Such a work greatly needed to be done, and the author was the man 

to do it. This volume is important, not merdy in reference to the 

•views of Mr. Mill, but of the whole School of writers, past and 

present, British and Continental, he so cdfly represents,** — Princeton 

Review. 

THE LAWS OF DISCURSIVE THOUGHT : Being a Text- 
book of Formal Logic Crown 8vo. 55. 

** The amount of summarized information which it contains is very 
great; and it is the only work on the very important subject with 
which it deals. Never was such a work so much needed as in 
the present day.** — London Quarterly Review. 

■ CHRISTIANITY AND POSITIVISM : A Series of Lectures to 
the Times on Natural Theolo^ and Apologetics. Crown 8vo. 
7J. dd. 

THE SCOTTISH PHILOSOPHY FROM HUTCHESON TO 
HAMILTON, Biographical, Critical, Expository. Royal 8vo. idr. 

Masson.— RECENT BRITISH PHILOSOPHY: A Review 
with Criticisms ; including some Comments on Mr. Mill's Answer 
to Sir William Hamilton. By David Masson, M.A., Professor 
of Rhetoric and English Literature in the University of Edinbuiigh. 
Crown 8vo. ds. 
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Masson — continued. 

** We can nowhere point to a work which gives so clear an exposi- 
tion of the course of philosophical speculation in Britain during 
the past century f or which indicates so instructively the mutual in- 
fluences of philosophic and scientific thought. " — Fortnightly Review, 

Maudsley. — Works by H. Maudsley, M.D., Professor of Medical 
Jurisprudence in University College, London. 

THE PHYSIOLOGY OF MIND ; being the First Part of a Third 
Edition, Revised, Enlarged, and in great part Rewritten, of '*The 
Physiology and Pathology of Mind. " Crown 8vo. \os. 6d. 

BODY AND MIND :• an Inquiry into their Connexion and Mutual 
Influence, specially with reference to Mental Disorders. An 
Enlarged and Revised edition. To which are added, Psychological 
Essays. Crown 8vo. 6s. 6d. 

Maurice. — Works by the Rev. Frederick Denison Maurice, 
M.A., Professor of Moral Philosophy in the University of Cam- 
bridge. (For other Works by the same Author, see Theological* 
Catalogue.) 
SOCIAL MORALITY. Twenty-one Lectures delivered in the 
University of Cambridge. New and Cheaper Edition. Crown 8vo. 
10;*. 6d, 

** Whilst reading it we are charmed by the freedom from exclusvveness 
and prejudice^ the large charity^ the loftiness ofthoi/kght^ the eager ^ 
ness to recognize and appreciate whatever there is of real worth 
extant in the worlds which animates it from one end to the otJier. 
We gain new thoughts and new ways of viewing things^ even more, 
perhaps, from being brought for a time under the influence of so 
noble and spiritual a mind.^^ — Athenaeum. 
THE CONSCIENCE : Lectures on Casuistry, delivered in the Uni- 
versity of Cambridge. New and Cheaper Edition. Crown 8vo. 5^. 
The Saturday Review says: **We rise from them with detestation 
of all that is selfish and mean, and with a living impression that 
there is such a thing as goodness after all.^^ 
MORAL AND METAPHYSICAL PHILOSOPHY. Vol. L 
Ancient Philosophy from the First to the Thirteenth Centuries ; 
Vol. II. the Fourteenth Century and the French Revolution, with 
a glimpse into the Nineteenth Century. New Edition and 
Preface. 2 Vols. 8vp. 2$s. 

Murphy, — THE SCIENTIFIC BASES OF FAITH. By 
Joseph John Murphy, Author of " Habit and Intelligence." 
8vo. 14J. 

** The book is not without substantial value; the writer continues the 
work of the best apologists of the last century, it may be with less 
force and clearness, but still with commendable persuasiveness and 
tact; and tuith an intelligent feeling for the changed conditions of 
the problem," — Academy. 
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PlCtOn.— THE MYSTERY OF MATTER AND OTHER 
ESSAYS. By J. Allanson Picton, Author of " New Theories 
and the Old F^ith." Crown 8vo. los. dd. 
Contents :— The MysUrv of Matter-^The Philosophy of Igno- 

ranee — The Antithesis of Faith and Sight — The Essential Nature 

of Religion — Christian Pantheism. 

Sidgwick.— THE METHODS OF ETHICS. By Henry 

SiDGw;cK, M. A., Lecturer and late Fellow of Trinity Collie, 

Cambridge. 8vo. 14^. 

** This excellent and very welcotne volume, .... Leaving to meta^ 

physicians any further discussion that may be needed respecting the 

already over-discussed problem of the origin of the moral faculty y he 

takes it for granted as readily as the geometrician takes space for 

granted, or the physicist the existence oftnatter. But he takes little 

else for granted, and defining ethics as * th^ science of coftduct,* he 

carefully examines, not the various ethical systems that have been 

propounded by Aristotle and Aristotlis followers dowmuards^ but 

the principles upon which, so far as they confine then^f elves to the 

strict province of ethics, they are based.** — Athenaeum. 

Thornton. — OLD-FASHIONED ETHICS, AND COMMON- 
SENSE METAPHYSICS, with some of their Appliontions. Bv 
William Thomas Thornton, Author of "A Treatise on Labai3ir.^* 
8vo. los. 6d. 

The present volume deals with problems which are agitating the 
minds <f all thoughtful men. The following are the Contents : — 
I. Ante-Utilitarianism, II. History's Scientific Pretensions. Ill, 
David Hume as a Metaphysician. IV, Huxleyism, V, Recent 
Phc^e of Scientific Atheism, VI, Limits of Demonstrable Theism, 

Thring (E„ M,A.)— thoughts on life^science. 

By Edward Thring, M.A. (Benjamin Place), Head Master of 
Uppingham School New Edition, enlarged and revised. Crown 
8vo. fs, 6d. 

Venn. — THE LOGIC OF CHANCE : An Essay on the Founda- 
tions and Province of the Theory of Probability, with especial 
reference to its logical bearings, and its application to Moral and 
Social Science. By John Venn, M.A., l^ellowand Lecturer of 
Gonville and Caius College, Cambridge. Second Edition, re- 
vmtten and greatly enlarged. Crown 8vo. lor. 6d. 
** One of the most thoughtful and philosophical treatises on any suit 
ject connected with logic and evidence which has been produced in 
this or any other country for many years,** — ^Mill's Logic, vol, ii. 
p. 77. Seventh Edition. 
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